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The Poisson distribution

This chapter introduces a discrete probability distribution which is used for modeiling
random events. When you have completed it you shouid

¢  be able to calculate probabilities for the Poisson distribution

e understand the relevance of the Poisson distribution to the distribution of random events
and use the Poisson distribution as a model

s  be able to use the resuit that the mean and variance of a Poisson distribution are equal

¢  be able to use the Poisson distribution as an approximation to the binomial distribution
where appropriate

¢ be able to use the normal distribution, with a continuity correction, as an approximation
to the Poisson distribution where appropriate.

The Poisson probability formula

Situations often arise where the variable of interest is the number of occurrences of a
particular event in a given interval of space or time. An example is given in Table 1.1.
This shows the frequency of 0, 1, 2 etc. phone calls arriving at a switchboard in 100
consecutive time intervals of 5 minutes. In this case the ‘event’ is the arrival of a phone
cail and the ‘given interval’ is a time interval of 5 minutes.’

Number of calls 0 | 2 - 3 4 or more
Frequency 71 23 4 2 0

Table 1.1, Frequency distribution of number of telephone calls in 5-minute intervals.
Some other examples are

o the number of cars passing a point on a road in a time interval of 1 minute,

o the number of misprints on each page of a book,

e the number of radioactive particles emitted by a radioactive source in a time interval of
1 second. '

Further examples can be found in the practical activities in Section 1.4.

The probability distribution which is used to model these situations is called the Poisson
distribution after the French mathematician and physicist Siméon-Denis Poisson
{1781~1840). The distribution is defined by the probability formula

X

PX=n=ctl,  x=012,..
x!

This fonmula involves the mathematical constant e which you may have already met in
unit P2. If you have not, then it is enough for you fo know at this stage that the
approximate value of e is2.118 and that powers of e can be found using your calculialor.




2 STATISTICS 2 www.gceguide.com

Check that you can use your calcutator fo show that ¢ > =0.135... and e *1 =0.904....
The method by which Poisson arrived at this formula will be outlined in Section 1.2.

This formula involves only one parameter, A. (A, pronounced ‘lambda’, is the Greek
letter 1.) You will see later that A is the mean of the distribution. The notation for
indicating that a random variable X has a Poisson distribution with mean A is

X ~Po(). Once 4 is known you can calculate P(X =0), P(X =1) etc. There is no
upper limit on the value of X.

Example 1.1.1

The number of particles emitted per second by a radioactive source has a Poisson
distribution with mean 5. Calculate the probabilities of

@ 0, (Y1, (cy2, (@) 3ormoreemissions in a time interval of 1 second.

(a) Let X be the random variable ‘the number of particles emitted in 1 second’. Then

X
X ~ Po(5). Using the Poisson probability formula P{X = x) =™ ~]-LT with A =35,
x!

0
P(X=0)=¢e7 %-' = 0.006 737...=0.006 74 , correct to 3 significant figures.

Hecall that 01=1 (see P Section 8.3).

! . :
(b P(X=1=e° % = 0.03368... =0.0337, correct to 3 significant figures.

52
(¢) P(X=2=e e 0.084 22... =0.0842, correct to 3 significant figures.

(d) Since there is no upper limit on the value of X the probability of 3 or more
emissions must be found by subtraction.

P(X=3)=1-P(X=0)-P(X =1)-P(X =2)
=1-0.006737...-003368...-0084 22...
= (}.875, correct to 3 significant figures.

Example 1.1.2

The number of demands for taxis to a taxi firm is Poisson distributed with, on average,
four demands every 30 minutes. Find the probabilities-of

(a) no demand in 30 minutes,

(b) 1 demand in 1 hour,

(c} fewer than 2 demands in 15 minutes.

{a) Let X be the random variable ‘the number of demands in a 30 minute
interval’. Then X ~ Po(4). Using the Poisson formula with A =4,

0
PX=0)=¢" % = 0.0183, correct to 3 significant figures.
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(b} Let ¥ be the random variable ‘the number of demands in a 1 hour interval’. As the
time interval being considered has changed from 30 minutes to 1 hour, you must
change the value of A to equal the mean for this new time interval, that is to 8, giving
Y ~ Po(B). Using the Poisson formula with A =8,

|

g8
P(Y =)=¢® T 0.002 68, correct to 3 significant figures.

(¢} Again the time interval has been altered. Now the appropriate value for 4 is 2.
Let W be the number of demands in 15 minutes. Then W ~ Po(2).

1] 1
P(W<2)=P(W=0)+P(W=1)=¢ %T+e“2%«~«0.406,

correct to 3 significant figures.

Here is a summary of the results of this section.

The Poisson distribution is used as a model for the number, X, of

events in a given interval of space or time. It has the probability formula
x{ gives i

P(X :x):e-l%, x=0,1,2,...,

.

where A is equal to the mean number of events in the given interval.

The notation X ~ Po(A) indicates that X has a Poisson distribution
with mean A.

T

¥

Some books use p rather than A lo denote the parameter of a Poisson distribution.

Exercise 1A

1 The random variable T has a Poisson distribution with mean 3. Calculate

(a) P(T=2),5 v (B) P(T=1), (c) P(T=3).
2 Given that U ~ Po(3.25), calculate
(@) P(U=3), (b)y P(U=2), ©) PU=2}.

3 The random variable W hasa Poisson distribution with mean 2.4. Calculate
(a) P(W=3), by P(W=2), (c) P(W=3).

4 Accidents on a busy urban road occur at a mean rate of 2 per week. Assuming that the
number of accidents per week follows a Poisson distribution, calculate the probability that
{a} there wiii-be no accidents in a particular week, o
(b) there will be exactly 2 accidents in a particular week,

(c) there will be fewer than 3 accidents in a given two-week period.
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w

On average, 15 customers a minute arrive at the check-outs of a busy supermarket.
Assuming that a Poisson distribution is appropriate, calculate

(a) the probability that no customers arrive at the check-outs in a'given 10-second interval,

(b) the probability that more than 3 customers arrive at the check-outs in a 15-second
intervai,

6 During April of this year, Malik received 13 telephone calls. Assuming that the number of
telephone calls he receives in April of next year follows a Poisson distribution with the
same mean number of calls per day, calcuiate the probability that

(a) ona given day in April next year he will receive no telephone calls,

(b) ina given 7-day week next April he will receive more than 3 telephone calls.

7 Assume that cars pass under a bridge at a rate of 100 per hour and that a Poisson
distribution is appropriate.

(a) What is the probability that during a 3-minute period no cars will pass under the
bridge?

(b) What time interval is such that the probability is at least 0.25 that no car will pass
under the bridge during that interval?

8 A radioactive source emits particles at an average rate of 1 per second. Assume that the
number of emissions follows a Poisson distribution.

" (a) Calculate the probability that 0 or I particle will be emitted in 4 seconds.

(b} The emission rate changes such that the probability of 0 or 1 emission in 4 seconds
becomes 0.8. What is the new emission rate?

B e e S R P

R R A R R R R R e e

Modelling random events

The examples which you have already met in this chapter have assumed that the variable
you are dealing with has a Poisson distribution. How can you decide whether the
Poisson distribution is a suitable model if you are not told? The answer to this question
can be found by considering the way in which the Poisson distribution is related to the
binomial distribution in the situation where the number of trials is very large and the
probability of success is very small. I

‘Table 1.2 reproduces Table l 1 gwmg the frequency distribution of phone calls in 100
S-minute mtervals

Number of calls 0 1 2 3 4 or more
Frequency 71 23 4 2 0

Table 1.2. Frequency distribution of number of telephone calls in 5-minute intervais.

If these calls were plotted on a time axis you might see something which looked like
Fig. 1.3.
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O 5 10 15 20 25 30 35 40 45 SO 55 60 65 70 75 80 85 90 95 100 105 110 115 120
Fig. 1.3, Times of arrival of telephone calls at a switchboard.

The time axis has been divided into 5-minute intervals (only 24 are shown) and these
intervals can contain 0, 1, 2 etc. phone calls. Suppose now that you assume that the
phone calls occur independently of each other and randomly in time. In order to make
the terms in italics clearer consider the following. Imagine the time axis is divided up
into very small intervals of width 8¢ (where 8 is used in the same way as it is in pure
mathematics). These intervals are so small that they never contain more than one call. If
the calls are random then the probability that one of these intervals contains a call does
not depend on which interval is considered; that is, it is constant. If the calls are
independent then whether or not one interval contains a call has no effect on whether
any other interval contains a call.

Looking at each interval of width 8¢ in turn to sce whether it contains a cail or not gives
a series of trials, each with two possible outcomes. This is just the kind of situation
which is described by the binomial distribution (see S1 Chapter 7). These trials also
satisfy the conditions for the binomial distribution that they should be independent and
have a fixed probability of success.

Suppose, that a 5-minute interval contains # intervals of width 8. If there are, on

average, A calls every 5 minutes then the proportion of intervals which contain a call

will be equal to A . The probability, p, that one of these intervals contains a call is
n

therefore equal to 2 . Since 8¢ is small, n is Iarge and A is small. You can verify from
[ n

Table 1.2 that the mean number of calls in a 5-minute interval is 0.37 so the distribution

of X, the number of calls in a 5-minute interval, is B[n,o'ﬂ).
n

Finding P(X =0)  Using the binomial probability formula P(X = x) = (z)p"'fg'*""' ,

you can calculate, for example, the probability of zero calls in a 5-minute interval as

roc=o=(0) 22 -2

In order to proceed you need a value for n. Recall that n must be large enough to-ensure
that the 8¢-intervals never contain more than one call. Suppose n = 1000 . This gives

0 1000
P(X = 0) = (10(’0)(931) (1 - MJ =0.69068....
-y 0 1000 1000

However, even with such a large number of intervals there is still a chance that one of
the 8z-intervals could contain more than one call, so a larger value of r would be
better. Try » =10 000 giving

' 0 10060
(X =0) = [10 000)( 037 ] (1 0.37 ) =069072....

0 A1ocoo) | 10000
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Explore for yourself what happens as you increase the value of # still further. You should
find that your answers tend towards the value 0.650 73... . This is equal to e™%*7, which
is the value the Poisson probability formuda gives for P(X =0) when 4 =0.37.

n
L X -
This is an example of the general resulf that (1 - ——) lends lo the value €™ as n tends
fo infinty. “

Provided that two events cannot occur simultaneously, allowing » to tend to infinity
will ensure that not more than one event can occur in a d¢-interval.

Finding P{X =1) In asimilar way you can find the probability of one call ina
5-minute interval by starting from the binomial formula and allowing n to increase as
follows.

x-S0 w01

Patting » = 1000,

037"
P(X=1)=0.37 1“?65"6 =037x0.69094.. . =025564....

Putting n= 10 000,

037 9999
P(X=1)=037] | - —— =037x0.69075...=0255579....
10 000

Again, you should find that, as n increases, the probability tends towards the value
given by the Poisson probability formutla,

P(X=1)=037xe " =025557....
Finding P(X =2), P(X =3),etc.  You could verify for yourself that similar results
are obtained when the probabilities of X = 2,3, etc. are calculated by a similar method.

A spreadsheet program or a programmable calculator would be helpful.

The general resuft for P(X = x) can be derfved as follows. Starting with X ~ B(n, 25) .

n
X n=-Xx - . . X n—x
p(xzx)z@(%] (b%) _n{n—1)n i)i...(n x+1)xi_x[1_%)
A n-1 n-2 n—-x+1 ( ﬂ,)"—x .
=X *x XX x[1-— .
x! n n n n

n—1 n-2
Now consider what happens as n gels larger. The fractions — , et tend
13 n

A-Xx n
lowards 1. The lerm (i - m) can be approximated by (1 - i} since x, a constari,
1] n

/s negligible compared with n and, as you have seen previously, this lends fowards e,
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Combiring these resulls gives

P(X=x)z&fe"l.

A.

*

The assumptions made in the derivation above give the conditions that a set of events
must satisfy for the Poisson distribution to be a suitable model. They are listed below.

The Poisson distribution is a suitable model for events which

occur randomly in space or time,
occur singly, that is events cannot occur simultaneously,

occur independently, and
oceur at a”gé?ﬁféi‘t rate, that is the mean number of events in a
given time interval is proportional to the size of the interval.

Example 1.2.1
For each of the following situations state whether the Poisson distribution would provide
a suitable model. Give reasons for your answers.

(a) The number of cars per minute passing under a road bridge between 10 a.m. and
[1 a.m. when the traffic is flowing freely. ;

(b) The number of cars per minute entering a city-centre carpark on a busy Saturday
between 9 a.m. and 10 a.m.

(¢) The number of particies emitted per second by a radioactive source.
() The number of currants in buns sold at a particular baker’s shop on a particular day.

(e} The number of blood cells per mi in a dilute solution of blood which has been left
stending for 24 hours.

(f) The number of blood cells per ml in a well-shaken dilute solution of blood.

(a) The Poisson distribution should be a good model for this situation as the
appropriate conditions should be met: since the traffic is flowing frely the cars should
pass independently and at random; it is not possible for cars to pass simultaneously;
the average rate of traffic flow is likely to be constant over the time interval given.

(b) The Poisson distribution is unlikely to be a good 'model: if it is a busy day the
cars will be queuing for the carpark and so they will not be moving independently.

(c) The Poisson distribution should be a good model provided that the time period
over which the measurements are made is much longer than the lifetime of the
source: this will ensure that the average rate at which the particles are emitted 1s
constant. Radioactive particles are emitted independently and at random and, for
practical purposes, they can be considered to be emitted singly.

(d) The Poisson distribution should be a good model provided that the following
conditions are met: all the buns are prepared from the same mixture so that the
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average number of carrants per bun is constant; the mixture is well stirred so that
the currants are distributed at random; the currants do not stick to each other or
touch each other so that they are positioned independently.

{e) The Poisson distribution wiil not be a good model because the blood cells will
have tended to sink towards the bottom of the solution. Thug the average number
of blood celis per ml will be greater at the bottom than the top.

(f) If the solution has been well shaken the Poisson distribution will be a suitable
model. The blood cells will be distributed at random and at a constant average
rate. Since the solution is dilute the blood cells will not be touching and so will be
positioned independently.

1.3 The variance of a Poisson distribution

[n Section 1.2 the Poisson probability formula was deduced from the distribution of

X~ B(n,%) by considering what happens as » tends to infinity. The variance of a
Poisson distribution can be obtained by considering what happens to the variance of the
distribution of X ~ B(n,%) as n gets very large. In 81 Scction 8.3 you met the formula
Var(X) = npq for the variance of a binomial distribution. Substituting for p and g gives

Var(X)*—*nx&[lm%J=l(1m&J. .

n n

A o :
As n gets very large the term — tends to zero. This gives A as the variance of the
n

Poisson distribution. Thus the Poisson distribution has the interesting property that its
mean and variance are equal.

For a Poisson distribution X ~ Po{4)

mean = u=EX)=2,
variance = o> = Var(X)=A.

The mean and variance of a Poisson distribution are equal.

The equality of the mean and variance of a Poisson distribution gives a simple way of
testing whether a variable might be modeiled by a Poisson distribution. The mean of the data
in Table 1.2 has already been used and is equal to 0.37. You can verify that the variance of
these data is 0.4331. These values, which are both 0.4 to 1 decimal place, are sufficiently
close to indicate that the Poisson distribution may be a suitable model for the number of
phone calls in a 5-minute interval. This is confirmed by Table 1.4, which shows that the
relative frequencies calculated from Table 1.2 are close to the theoretical probabilities found
by assuming that X ~ Po(0.37). (The values for the probabilities are given to

3 decimal places and the value for P{X = 4) has been found by subtraction )
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Note that if the mean and variance are not approximately equal then the Poisson
distribution is not a suitable model. If they are equal then the Poisson distribution may
be a suitabie model, but is not necessarily so. '

x Frequency Relative P(X = x)
frequency
0 71 0.71 e %7 =0.691
23 023 e 937037 =0256
2
2 4 0.04 g~ 037 9%; =0.047
3
3 2 0.02 e 0¥ 0—‘;?— =0.006
=4d 0 0 0
Totals 100 1 1

Table 1.4. Comparison of theoretical Poisson probabilities and relative frequencies for the
data in Tabie 1.2.

Exercise 1B

1 For each of the following situations, say whether or not the Poisson distribution might
provide a suitable model.

(a) The number of raindrops that fall onto an area of ground of 1 cm? in a period of
I minute during a shower.

() The number of occupants of vehicles that pass a given point on a busy road in
1 minute,

(¢} The number of flaws in a given length of material of constant width.

(d) The number of claims made to an insurance company in a month.

2 Weeds grow on a large lawn at an average rate of 5 per square metre. A particular metre
square is considered and sub-divided into smaller and smaller squares. Copy and complete
the table below, assurning that no more than 1 weed can grow in a sub-division.

Number of P(a sub-division P(no weeds in a
sub-divisions contains a weed) given square metre)
100 155 = 0.05 0.95'% =0.005 921
5 -
10 000 6006 =
1000 000
100 000 000

‘Compare your answers to the probability of no weeds in a given square metre, given by the
Poisson probability formula.
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3 The number of telephone calls 1 received during the month of March is summarised in the

table.
Number of telephone phone calls received per day (x) o 1 2 3 4
Number of days 9 12 3 4 1

(a) Calculate the relative frequency for each of x=0,1,2,3, 4.

(b) Calculate the mean and variance of the distribution. (Give your answers correct to
2 decimal places.) Comment on the suitability of the Poisson distribution as a model
for this situation.

(¢) Use the Poisson distribution to calculate P(X = x), for x=0,1,2,3 and = 4 using the
mean calculated in part (b).

(d) Compare the theoretical probabilities and the relative frequencies found in part (a).
Do these figures suppost the comment made in part (b)?

4 The number of goals scored by a football team during a season gave the following results.

Number of goals per match 6 v 2 3 4 5 6 7
Number of matches 519 9 5 2 1 0 1

Calculate the mean and variance of the distribution. Calculate also the relative frequencies
and theoretical probabilities for x=0,1,2,3,4,5,6, 2 7, assuming a Poisson
distribution with the same mean. Do you think, in the light of your calculations, that the
Poisson distribution provides a suitable modet for the number of goals scored per match?

5 The number of cars passing a given point in 100 10-second intervals was observed as
follows.

Number of cars 0 1 2 3 4 5
Number of intervals 47 33 16 3 0 1

Do you think that a Poisson distribution is a suitable mode! for these data?

Practical activities

1 Traffic flow  In order to carry out this activity you will need to make your observations
on a road where the traffic flows freely. preferably away from traffic lights, junctions etc.
The best results will be obtained if the rate of flow is one to two cars per minute on average.
(a) Count the number of cars which pass each minute over a period of one hour and
assemble your results into a frequency table.

(b) Calcnlate the mean and variance of the number of cars per minute. Comment on your
results. v
(¢) Compare the relative frequencies with the Poisson probabilities calculated by taking 1
equal to the mean of your data. Comment on the agreement between the two sets of values.
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2 Random rice For this activity you need a chessboard and a few tablespoonfuls of
uncooked rice.

(a) Scatter the rice ‘at random’ on to the chessboard. This can be achieved by holding your
hand about 50 cm above the board and moving it around as you drop the rice. Drop sufficient
rice to result in two to three grains of rice per square on average.

{(b) Count the number of grains of rice in each square and assemble your resuits into a
frequency table.

(¢) Calculate the mean and variance of the number of grains per square. If these are
reasonably close then go on to part {d). If not, see if you can improve your technique for
scattering rice ‘at random’!

(d) Compare the relative frequencies with the Poisson probabilities calculated taking A
equal to the mean of your data. Comment on the agreement between the two sets of values.

3 Background radiation  For this activity you need a Geiger counter with a digital
display. When the Geiger counter is switched on it will record the background radiation.
(a) Prepare a table in which you can record the reading on the Geiger counter every 5
seconds for total time of 5 minutes.

{(b) Switch the counter on and record the reading every 5 seconds.

(¢) Plot a graph of the reading on the counter against time taking values every 30 seconds.
Does this graph suggest that the background rate is constant?

(d) Thé number of counts in each 5 second interval can be found by taking the difference
between successive values in the table which you made in parts (a) and (b). Find these values
and assemble them into a frequency table.

(e} Calculate the mean and variance of the number of counts per 5 seconds. Comment on
your results.

(F) Compare the relative frequencies with the Poisson probabilities calculated by taking 4
equal to the mean of your data. Comment on the agreement between the two sets of values.

4 Football goals  For this activity you need details of the results of the matches in a
footbalt division for one particular week.

(a) Make a frequency table of the number of goals scored by each team.

(b) Calculate the mean and variance of the number of goals scored.

(¢) Compare the relative frequencies with the Poisson probabilities calculated by taking
A equal to the mean of your data.

(d) Discuss whether the variable ‘number of goals scored by each team’ satisties the
conditions required for the Poisson distribution to be a suitable model. Comment on the
results you obtained in part (b) and part (¢} in the light of your answer.

The Poisson distribution as an approximation to the binomial distribution

In certain circumstances it is possible to use the Poisson distribution rather than the
binomial distribution in order to make the calculation of probabilities easier.

Consider items coming off a production line. Suppose that some of the items are
defective and that defective items occur at random with a constant probability of 0.03.
The items are packed in boxes of 200 and you want to find the probability that a box
contains two or fewer defective items.
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The number, X, of defective items in box has a binomial distribution since there are

s afixed number (200) of items in each box,

» each item is either defective or not,

e the probability of a defective item is constant and equal to 0.03,
e defective items occur independently of each other.

This means that X ~ B(200,0.03). The probability that a box contains two or fewer
defective items can be calculated exactly using the binomial distribution as follows.

P(X<2)=P(X=0)+P(X=1+P(X=2)
=097 4 (200}0 97003+ (200)0 97'%80.03?

=0.00226]1...+0013987...+0.043042 .,
=(.0592, correct to 3 significant figures,

This binomial distribution has a large value of n and a small value of p. This is exactly
the situation which applied in Section 1.2 when the Poisson distribution was treated as a
limiting case of the binomial distribution. In these circumstances, that is large n and
small p, the probabilities can be calculated approximately using a Poisson distribution
whose mean is equal to the mean of the binomial distribution. The mean of the binomial
distribution is given by ap = 200x0.03 =6 (see S1 Section 8.3). Using X ~ Po(6)
gives for the required probability

P(X<2)=P(X=0)+P(X=1)+P(X =2)
=e el —

=0.002478...+0.014872 ... +0.044 617 ...
= (.0620, correct to 3 significant figures.

If you follow though the calculations using a culculator you will find that the calculation
using the Poisson distribution is much easier to perform. Using the Poisson distribution
only gives an approximate answer. In this case the answers for the individual -
probabilities and the value for P(X = 2) agree to i significant figure. This is often good
enough for practical purposes.

It is important to remember that the approximate method using the Poisson distribution will
only give reasonable agreement with the exact method using the binomial distribution
when n is large and p is small. The larger # and the smaller p, the better the agreement
between the two answers. In practice you shouid not use the approximate method unless n
is large and p is small. A useful rule of thumb is that n> 350 and np < 5. '

K X ~B(n,p),and if n>50 and np< 5 then X can reasonably
be approximated by the Poisson distribution W ~ ~ Po(np).
The larger n and the smaller p, the better the approximation.
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Example 1.5.1
Calculate the following probabilities, using a suitable approximation where appropriate.

() P(X <3) given that X ~ B(100,0.02).
(b) P(X <10) given that X ~ B(60,0.3).
(¢) P(X «<2) given that X ~B(10,001).

(a) Here n is large (that is greater than 50) and p is small, which suggests that a
Poisson approximation may be appropriate. As a check calculate np = 106x0.02=2,
Since np < 5 the Poisson approximation, W ~ Po(2), may be used. Using the Poisson
formuia

P(W <3} =P(W < 2} =P(W =0) +P(W = 1) +P(W = 2)
2

celre2ie o
2!

=0.677, correct to 3 significant figures.

(b) Here n is still large (that is greater than 50) but p is not small enough to make
np (=60x03=18) less than 5. However ap {=18) and ng (= 60 x 0.7 = 42) are
both greater than S so the normal approximation to the binomial distribution, which
you met in S1 Section 9.7, may be used. The mean of the binomial distribution is 18
and the variance is npg = 60x03x0.7=12.6,s50 X ~ B(60,0.3) is approximated
by V ~ N(18,12.6) with a continuity correction.

_95-18
V126

P(X <10)=P(V < 9.5):?[2 J::P(Zﬁ —2.395)

=1-®(2.395)
=1~0.9917 (using the table on page 165)
= 0.008, correct to 3 decimat places.

(c) Here p is small but n is not large enough to use the Poisson approximation,
The normal approximation should not be used either since np =10x0.01=0.1 is
not greater than 5. In fact it is not appropriate to use an approximation at atl. The
required probability must be calculated using the binomial probability formula as
foltows.

P(X <2)=P(X=0)+P(X=1)

- [1{?})99‘00.010 +(110 )0.9990.011

=09043...+009135...
=10.996, correct to 3 significant figures.



14 STATISTICS 2 www.gceguide.com

Exercise 1C

1 (a) There are 1000 pupils in a school. Find the probability that exactiy 3 of them have
their birthdays on 1 January, by using

() B(1000,5L (i) Po('f2).
637" 365

{b} There are 5000 students in a university. Calculate the probability that exactly 15 of
them have their birthdays on 1 January, by using

(1) a suitable binomial distribution, (ii) a suitable Poisson approximation.
For the rest of the exercise, use, where appropriate, the Poisson approximation to the
binomial distribution.
2 If X ~B(300,0.004) find
(a) P(X<3), ) P(X>4).
3 The probability that a patient has a particular disease is 0.008. One day 80 peoplc goto
their doctor.
(a) What is the probability that exactly 2 of them have the disease?
(b} What is the probability that 3 or more of them have the disease?

4 The probability of success in an experiment is 0.01. Find the probability of 4 or more
successes in 100 trials of the experiment.

5 When eggs are packed in boxes the probability that an egg is broken is 0.008.
(a) What is the probability that in a box of 6 eggs there are no broken eggs?

{b) Calculate the probability that in a consignment of 500 eggs fewer than 4 eggs are
broken,

6 When a large number of flashlights leaving a factory is inspected it is found that the bulb is
faulty in 1% of the flashlights and the switch is faulty in 1.5% of them. Assuming that the
faults occur independently and at random, find

(a) the probability that a szimpie of 10 flashlights contains no flashlights with a
faulty bulb, :

(b) the probability that a sample of 80 flashlights contains at least one flashlight with
both a defective bulb and a defective switch,

(c) the probability that a sampie of 80 flashlights contains more than two defective
flashlights.

1.6 The normal distribution as an approximation to the Poisson distribution

Example 1.5.1(b) gave a reminder of the method for vsing the normal distribution as an
approximation to the binomial distribution. The normal distribution may be used in a
similar way as an approximation to the Poisson distribution provided that the mean of
the Poisson distribution is sufficiently large.
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Fig. 1.5 shows why such an approximation is valid: as the value of A increases, the
shape of the Poisson distribution becomes more like the characteristic beil shape of the
normal distribution.

If you have access to a compuler, you can use a spreadsheet lo draw these diagrams for
yourself

PX = x) 4 PX=x1
0.3
0.15-
A=2 A=5
0.2
0.1 -
0.1 005 ]
0 ll T T T T T 0 ‘ h;' T T T T
0 5 W 15 20 25 30 x 0 5 W 15 20 25 30 »x
P(X=x) A PO = xy A
0.1+ 0.015-
A= 10 A=15
0,014
0,05 -
‘ 0.005- ‘
0 IIII Ilill' : r - 0 :!ll ] } lll!l .
0 5 W 15 20 35 30 x 3 0 15 20 25 30 x

Fig. 1.5. Bar charts showing the Poisson distribution for different vatues of 1.

Since the variance of a Poisson distribution is equal to its mean, both the mean and
variance of the normal distribution which is used as an approximation are taken to be
equal to A . Just as for the normal approximation to the binomial distribution, a
continuity correction is needed because a discrete distribution is being approximated by
a continuous one. As a rule-of-thumb the normal approximation to the Poisson
distribution should only be used if A >15. You can see from the last diagram in Fig. 1.5
that this looks very reasonable. -

If X ~Po{A} and if (3> 15_1 then X may reasonably be
approximated by the iormal distribution'f? ~N(,4).

A continnity correction must be applied.

The larger A the better the approximation.
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Example 1.6.1

It is thought that the number of serious accidents, X, in a time interval of ¢ weeks, on a
given stretch of road, can be modelied by a Poisson distribution with mean 0.4¢. Find
the probability of

(a) one or fewer accidents in a randomly chosen 2-week interval,

{b) 12 or more accidents in a randomly chosen year.

(a) For a time interval of two weeks, A =04%x2=038.

P(X=<1})=P(X =0)+P(X =1)
=8 470808

=().809, correct to 3 decimal places.

Note that, since A < 15, the normal approximation is not appropriate.
(b) For atime interval of { year, A=04x52=208.

Since 4 > 15, a normal approximation is appropriate. X ~ Po(20.8) is
approximated by ¥ ~ N{20.8,20.8), with a continuity correction.

11.5-20.8
V208

= P(Z < 2.039) = ©(2.039)

=0.9792 = 0979, correct to 3 decimal places.

. P(X=12)=P(Y>115)= P(Z > ): P(Z > -2.039)

Exercise 1D

Use the normal approximation to the Poisson distribution, where appropriate.
1 If X ~Po(30) find
(a) P(X=31), (by P(35= X = 40), (c) P(29< X =32).

2 Accidents occur in a factory at an average rate of 5 per month. Find the probabilities that

{a) there will be fewer than 4 in a month, (b) there will be exactly 62 ina year.

3 The number of accidents on a road follows a Poisson distribution with a mean of 8 per
week. Find the probability that in a year (assumed to be 52 weeks) there will be fewer than
400 accidents.

4 Insect larvae are distributed at random in a pond at a mean rate of 8 per m® of pond water.
" The pond has a volume of 40 m>. Calculate the probability that there are more than 350
insect larvae in the pond.

A * Water taken from a river contains on average 16 bacteria per ml. Assuming a Poisson
distribution find the probability that 5 ml of the water contains

(a) from 65 to 85 bacteria, inclusive, {b) exactly 80 bacteria.
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__& A company receives an average of 40 telephone calls an hour. The number of calls follows
a Poisson distribution,

(2) Find the probability that there are from 35 to 50 calls (inclusive) in a given hour.
(b) Find the probability that there are exactly 42 calls in a given hour.

7 Giventhat X ~ Po{50) and P(X > x) < 0.05, find the minimum integer value of x.

8 Sales of cooking oil bought in a shop during a week follow a Poisson distribution with
mean 100. How many units should be kept in stock to be at least 99% certain that supply
will be able to meet demand?

Miscellaneous exercise 1

1 Between the hours of G800 and 2200, cars arrive at a certain petrol station at an average
rate of 0.8 per minute. Assuming that arrival times are random, calculate the probability
that at feast 2 cars will arrive during a particular minute between 0800 and 2200.  (OCR)

2 The proportion of patients who suffer an allergic reaction to a certain drug used to treat a
particular medical condition is assumed to be 0.045.

Eagh of a random sample of 90 patients with the condition is given the drug and X is the
number who suffer an allergic reaction. Assuming independence, explain why X can be
modelled approximately by a Poisson distribution and calculate P(X =4). (OCR)

3 The number of night calls to a fire station in a small town can be modelled by a Poisson
distribution with mean 4.2 per night. Find the probability that on a particular night there
will be 3 or more calls to the fire station.

State what needs to be assumed about the calls to the fire station in order to justify a
Poisson model. (OCR)

4 On average, a cycle shop sells 1.8 cycles per week. Assuming that the sales occur at
random,

(a) find the probability that exactly 2 cycles are sold in a éive:n week,

(b) find the probability that exactly 4 cycles are sold in a given two-week period.

5 A householder wishes to sow part of her garden with grass seed, She scatters seed
randomly so that the number of seeds falling on any particular region is a random variable
having a Poisson distribution, with its mean proportional to the area of the region. The part
of the garden that she intends to sow has area 50 m? and she estimates that she will sow
10% seeds. Calculate the expected number of seeds falling on a region, R, of area 1 cm?,
and show that the probability that no seeds fall on R is 0.135, correct to 3 significant
figures.

The number of seeds falling on R is denoted by X . Find the probability that either X =0
or X>4,

The number of seeds falling on a region of area 100 cm? is denoted by Y. Using a normal
approximation, find P(175 < Y = 225). (OCR)
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6 Itis given that 93% of children in the UK have been immunised against whooping cough.
The number of children in a random sample of 60 children who have been immunised is
X, and the number not immunised is ¥, State, with justification, whichof X or ¥ has a
distribution which can be approximated by a Poisson distribution.

Using a Poisson approximation, estimate the probability that at least 58 children from the
sample have been immunised against whooping cough. (OCR)

7 A firm investigated the number of employees suffering injuries whilst at work. The results
recorded below were obtained for a 52-week period.

Number of employees injured in a week ¢ 1 2 3 4 ormore
Number of weeks 31 173 | 0

Give reasons why one might expect this distribution to approximate to a Poisson
distribution. Evaluate the mean and variance of the data and explain why this gives further
evidence in favour of a Poisson distribution.

Using the calculated value of the mean, find the theoretical frequencies of a Poisson
distribution for the number of weeks in which 0, 1, 2, 3, 4 or more employees were
injured. (OCR)

<
. /8/ Analyéis of the scores in football matches in a local league suggests that the total number
of goals scored in a randomly chosen match may be modelled by the Poisson distribution
with parameter 2.7. The number of goals scored in different matches are independent of
one another.

(a) Find the probability that a match will end with no goals scored.

(b) tind the probability that 4 or more goals will be scored in a match.
One Saturday afternoon, 1| matches are played in the league.

(c) State the expected number of matches in which no goals are scored.
(d) Find the probability that there are goals scored in all 11 matches.

(e) State the distribution for the total number of goals scored in the 11 matches. Using a
suitable approximating distribution, or otherwise, find the probability that more than
30 goals are scored in total. {MED

9 The discfete random variable X has probability distribution as shown in the table below,
where p is a constant.

x 0 ! 2 3
P(x=x) p sp Lp Ap

Show that p = g .

One hundred independent observations of X are made, and the random variable ¥ denotes
the number of occasions on which X = 3. Explain briefly why the distribution of ¥ may be
approximated by a suitable Poisson distribution, and state the mean of this Poisson
distribution,

Find P(Y =2) and P(Y = 4), giving your answers to 3 significant figures. {OCR)
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10 Data files on computers have sizes measured in megabytes. When files are sent from one
computer to another down a communications link, the number of errors has a Poisson
distribution. On average, there is one error for every 10 megabytes of data.

{a) Find the probability that a 3 megabyte file is transmitted
(i) without error, (ii) with 2 or more errors.

(b) Show that a file which has a 95% chance of being transmitted without error is a little
over half a megabyte in size.

A commercial organisation transmits 1000 megabytes of data per day.
(c) State how many errors per day they will incur on average.

Using a suitable approximating distribution, show that the number of errors on any
randomly chosen day is virtually certain to be between 70 and 130. (MED

11 A manufacturer produces an integrated electronic unit which contains 36 separate pressure
sensors. Due to difficulties in manufacture, it happens very often that not all the sensors in
a unit are operational. 100 units are tested and the number N of pressure sensors which
function correctly are distributed according to the table,

N 3 35 34 33 32 31 30 29 28 =727
. Numberofunits 5 15 22 22 17 11} 5 2 l 0

Calculate the mean number of sensors which are faulty.

The manufacturer only markets those units which have at least 32 of their 36 sensors
operational, Estimate, using the Poisson distribution, the percentage of units which are not
marketed. {(OCR)

12 An aircraft has 116 seats. The airline has found, from long experience, that on average
2.5% of people with tickets for a particular flight do not arrive for that flight. If the airline
sells 120 tickets for a particular flight determine, using a suitable approximation, the
probability that more than 116 people arrive for that flight. Determine also the probability
that there are empty seats on the flight. (OCR)

S e R A T A R
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Linear combinations of random variables

This chapter studies the distribution of linear functions and linear combinations of
random variables. When you have completed it you should be able to apply the
following results.

o E(aX+b)=aE(X)+b and Var(aX +b) = a’Var(X)

o E(aX+bhY)= aE(X)+ bE(Y)

o Var(aX +bY)=a Var(X)+b*Var(Y) for independent X and ¥

+» if X has a normal distribution, then so does aX + b

e if X and Y have independent normal distributions, then X + bY has a normal
distribution

o if X and ¥ have independent Poisson distributions, then X + ¥ has a Poisson
distribution,

The expectation and variance of a linear function of a random variable

In 51 Chapter 8 you learnt how to calculate the mean and variance of a discrete random
variable. Here is an example.

The probability distribution of a discrete random variable, X, is

X l p 3 4
P(X=x) 0. 02 03 04

eiving

thy = EB(X) =3 xP(X = x)
=1x0.1+2x02+3x03+4x04
" =0.1+04+09+16
=3,

and

Var (X) =3 x'P(X = )~ 1"
=1Px0.1+22x02+3*%x03+4% %04 3°

=014+08+27+64-9
=1.

Suppose that yon now define a new random variable ¥ such that ¥ = X +4 . Would
there be any relationship between the mean and variance of ¥ and the mean and
variance of X ? Maybe you can guess the values of E(Y) and Var(¥). You can check
your prediction by calculating E(Y) and Var(Y).
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The probability distribution of ¥ is

fy =E(Y) =3 yP(Y = y)
=5%0.14+6%x02+7x03+8x04
=05+12+2.14+32
=7,

and
Var(Yy= > y*P(¥ = y) - p,°
=532 x0.1+6°%02+7°x03+8°x04-7%

=254+724+1474+256-49

=1.
You can see that E(¥) = E(X) +4 and Var(¥) = Var(X).

These are examples of general results.

If Y =X+b,where b is a constant, then

B(Y)=E(X +b) = E(X) +b

Var(Y) = Var(X +5) = Var(X).

You may be surprised that the variance is wichanged. However, is result is reasonable
when you remember that variance /s a measure of spread and that adding a constant fo
X (or sublracting a constant from i) does not affect the spread of values.

What would be the effect of multiplying X by a constant? Suppose, for example, yoﬁ
defined a new variable W such that W = 5X . Then the probability distribution of W is
given by the table.

w 5 16 15 20
P(W =w} 0.1 0.2 03 04

It is left as an exercise for you to show that E(W) =15 and Var (W) =23. Note that
E(W) = 5E(X) and Var(W)=5%Var(X).
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These are examples of other general results.

If W =aX , where a is a constant, then

E(W) =E(aX) = aE(X) (2.3)

Var (W) = Var{aX) = a*Var (X).

These four results can be combined to find the mean and variance of a linear function of
X of the form aX + &, where a and b are constants, as follows.

ElaX +b)=E{aX) + b from (2.1)
=aqB(X)+b from (2.3),

and
Var{aX +b) = Var{aX) from (2.2)
= a*Var(X) from (2.4).
Here are proofs of these results in the case when X is a'discrete random variable.
Theorem  For a discrete random variable, E(aX +b) = aB(X)}+ b.

Proof  Let the discrete random variable X take values x; with probabilities p;.
Then,

E(X) =ty = 2, x;p; -

Now define a new variable ¥ such that ¥ = aX + 5. This variable ¥ takes values
¥;, where y;, = ax; + b, with probabilities p,.

The expected value of Y is given by

E(Y)=py = EYJ'PJ = 2(“"]‘ +b)p;
:azxipi "'bZPf

=aB(X)+b (since > p; =1).
Since Y =aX +b, B(Y) =E(aX +b); it follows that E(aX + b) = aB(X)+ 5|
Theorem  For a discrete random variable, Var(aX +5) = a*Var(X).
Proof [Prom S1 Section 8.2,
Var(X)= X (5, — 1) P = 2% P — 1k -

The first form of the formula for variance is more convenient for this proof.
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Now define a new variable ¥ such that Y = aX + b. This variable Y takes values
y;, where y; = ax; + b, with probabilities p;.

For the variable Y

’)

Var(Y)= 2 (v — ity) B
= 3 ((ax, + b)= (apy +0))" p
=3 (alx, ~ 1))
=Y (x-pe) o=t Tl - )
= a’Var(X).
Since Y :=aX+b, Var(¥) = Var(aX +b); it follows that Var(aX + b} = a’Var(X).
These results also hold for continuous random variables. (Chapter 3 discusses random

variables in detail )

Example 2.1.1

The temperature in degrees Fahrenheit on a remote iskand is a random variable with

mean 59 and variance 27. Find the mean and variance of the temperature in degrees

Centigrade, given that to convert degrees Fahrenheit to degrees Centigrade you subtract
; 3

32 and then multiply by 3.

Let X be the temperature in °F. Then E(X) =59 and Var(X) =27.
If ¥ is the temperature in °C, then ¥ =3 (X ~32)=3 X - 15,

So E(Y):E(% mlg—ﬂ)w E(X) - 1604 5 %59~ l_@wls

and  Var(¥)=(3) Var(x)= 5 x27=%.

For any random variable X,
E{(aX + b)=aB(X)+ b, (2.5)

Var(aX + b) = a*Var(X),  (2.6)

where a and b are constants.

ST

BT s

S e

Linear combinations of more than one random variable

Situations often arise in which you know the expected value and variance of each of
several random variables and would like 1o find the expected value and variance of a
linear combination. For example, you might know the expected value and variance of
the thickness of the sheets which make up a laminated windscreen and wish to find the
expected value and variance of the total thickness of the windscreen.
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S

In order to investigate any possible relations between expected values and variances you
could start by considering two discrete random variables, X and Y. Table 2.1 gives the
probability distributions of two such random variables,

x
P(X =x)

Lailmm N2
-
[

LFST) IS N

Bofr— —
Ghb—

P(Y = y)

-

o o

Table 2.1, Probability distributions of two discrete random variables.

It is left as an exercise for you to show that E(X)} = % . Var(X) = % E(Y)}= TO and
Var(Y) = —g

The possible values of S, where §=X + ¥ are given below,

i Value of X
i | 2 3
2 3 4 3
Valueof ¥
4 1 5 6 7

; Value of X
N . | 2 3
1ol 1ol 11
X 3 11y 1
Value of ¥ 273 373 673
4 11,2 1,2 1,2
{3%3 3%X3 %3

Assembling these results into a probability distribution for § gives Table 2.2, The {tactions
have been given the same denominator in order to show the shape of the distribution.

5 3 4 5 6 7
— 3 2 T 4 2
P(S=s) g s 5 s s

Table 2.2. Probabitity distribution of § where S=X+7 .

Now check that E(S) =75 and Var(§)}= 193 You should be able to spot that the relation
between the expected values is E(S) = E(X) + E(Y). and between the variances is

Var(S) = Var(X) + Var (). These are particular instances of general results which hold
for both discrete and continuous random variables. However, it is important to appreciate
that while the relation between expected values is true for all random variables the
relation between the variances is only true for independent random variables,

The relations E(8)=E(X)+E(Y) and Var(S) = Var (X)+ Var(Y) can be extended to
situations in which there are more than two random variables.
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Example 2.2.1

My journey to work is made up of four stages: a walk to the bus-stop, a wait for the bus,
a bus journey and a walk at the other end. The times taken for these four stages are
independent random variables U, V, W and X with expected values (in minutes) of
4.7,5.6,21.6 and 3.7 respectively and standard deviations of 1.1, 1.2,3.1 and 0.8
respectively. What is the expected time and standard deviation for the total journey?

The cxpected time for the whole journey is
E(U+V+W+ X)=EU)+E(V)+ E(W)+ E(X)
=47+56+21.6+3.7=3506.
Since the variables I/, V., W and X are independent
Var(U+V+ W+ X)= Var (U)+ Var (V) + Var (W)} + Var (X}
=11 +127+3.0% + 087 =129,

so the standard deviation for the whole journey is ~12.9 =3.59, correct to 3
significant figures.

The relations between expected values and variances can also be generalised to the
situation where §=aX +#Y and a and b are constants. Then

E[$)=E(aX + bY)=E(aX)+E(bY)
= aBE(X) +bE(Y) (using Equation 2.5),

and for independent X and ¥

Var(S)=Var (aX + bY)=Var (aX)+Var (bY)

= a*Var (X) +b*Var (Y) (using Bguation 2.6).

Example 2.2.2
The length, L (in cm), of the boxes produced by a machine is a random variable with
mean 26 and variance 4 and the width, B (in cm), is a random variable with mean 14
and variance 1. The vaniables £ and B are independent. What are the expected value
and variance of

(a) the perimeter of the boxes,
(b) the difference between the length and the width?

(a) The perimeteris 2L+2B,s0
E(2L+ 2B) = 2E(L) + 2E(R) =2x 26+ 2x 14 = 80,
Var(2L+2B)=2?Var(L)+2*Var(B) =4 x4 +4x1=20.
(b) The difference between length and width is L — B, so
E(L—B) = E(L) -E(B)=26-14 =12,
Var(L- B)=1*Var(L)+(-1)*Var(B)=1x4 +1x1=5.

The result for the variance is an example of a general rle which applies when vanances
are combined, namely that they are always added.
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For any random variables X, ¥V, U, V eic,,
E{aX + bY +cU +dV +..) = aE(X)+ PE(Y) + cE(U) + dE(V) +.... 2.h

For independent random variables X, Y. U, V etc,,

Var{aX +bY +cU+dV +..)
= a*Var (X)+b*Var (Y)+ 2 Var (U)+ d*Var (V) +... . (2.8)

Linear relations involving more than one observation of a random variable

Equations 2.7 and 2.8 can be applied to repeated observations of a single random variable.
Suppose, for example, you make two observations of a random variable X where E(X) =3
and Var(X) = 4. Denote these observations by X and X,. Then the expected values and
variances of X, and X, will be equal to the corresponding values for X . It follows that

B(X, + X,) = E(X))+ E(X,)=E(X)+E(X)=3+3=6,
and, providing the observations are independent, that
Var (X, + X, )= Var (X)) + Var (X,) = Var (X) + Var(X) =4 + 4 = 8.

It is instructive to compare these tresults with the values for E(2X) and Var(2X)
obtained using Equations 2.5 and 2.6:

B(2X)=2E(X)=2x3=6, and Var(2X)=2°Var(X)=2?x4=16.

The expected values for X, + X, and 2X are the same. This is not surprising since

2X =X+ X and so E(2X) = E(X)+ E(X) =6. Why then do the variances of X; + X,
and 2X differ? The answer is that it is not true to say that Var(2X) = Var (X) + Var(X),
because the vartables X and X are not independent: they refer to the same observation of
the same variable. This means that it is important to distinguish clearly between situations
in which a single observation is multiplied by a constant and those in which several
different observations of the same random variable are added.

Exercise 2A

1 The random variable X has the probability distribution shown below.

X 0 1 2
P(X=x) 02 03 05

(a) Find E(X) and Var (X).
A variable Y is defined by ¥ =3X +2.
(b) Use Equations 2.5 and 2.6 to calculate E(Y) and Var(Y).

(c) Verify your answers to part (b) by caleunlating E(Y) and Var(Y) from the probability
distribution of Y.

www.gceguide.com
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A random variable X has mean 24 and variance 3. Find the mean and variance of
{(ay 20-X,. by 4X-7.

Three discs are drawn at random from a box containing a number of red and blue discs.
The mean and variance of the number of blue discs drawn are 2 and 0.5 respectively. What
are the mean and variance of the number of red discs drawn?

The random variable X is the number of even numbers obtained when two ordinary fair
dice are thrown. The random variable Y is the number of even numbers obtained when two
fair pentagonal spinners, cach numbered 1,2, 3, 4, 5, are spun simultancously.

Copy and complete the following probability distributions.

x 0 bz y O 1 2 x+y 0 12 3 4
p 025 p 0.36 p 009

Fm(l F(X) Var{X), E(Y), dr{Y) E(X + Y) Var(X + Y) by using the probdbillty
distributions.

Verify that E(X + Y) = E(X)+ E(Y) and Var(X +Y)= Var(X)+ Var(Y).

X and Y are independent random variables with probability distributions as shown.

X I 2 3 y 0 { 2
p 04 02 04 p 03 05 02

You are given that E(X) = 2 V"tr(X) 0 8 E(Y) 0.9 dncl Var(Y) =0.49.

The random variable T is defined as 2X — Y. Find E(7) and Var (7)) using Equations 2.7
and 2.8.

Check your answers by completing the following probability distribution and calculating
B(T) and Var(T) directly.

: 0 Lt 2 3 4 5 6
p 008 : 0.12

The independent random variables W, X and Y have means 10,8 and 6 respectively and
variances 4, 5 and 3 respectively.

Find E(W+ X +Y), Var(W+ X +Y), EQW- X- Y) and Var(QW - X - Y).

A piece of laminated plywood consists of three pieces of wood of type A and two pieces of
type B. The thickness of A has mean 2 mm and variance 004 mm? . The thickness of B has
mean ] mm and variance 0.01 mm?. Find the mean and variance of the thickness of the

" “laminated plywood.

The random variable § is the score when an ordinary fair dice is thrown. The random
variable T is the number of tails obtained when a fair coin is tossed once.

Find E(S), Var(S), E(6T), Var(6T), E(S+67) and Var(S+67).

www.gceguide.com
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9 The random variable X has the probability distribution shown in the table.

2%
(8]
e

X

i
P(X=x) 3

EN
4ol
[

Find the mean and variance of the distribution of the sum of three independent observaiions
of X.

10 In the game of American foatball, players are rated according to their performance. The
quarterback’s rating, @, is calculated using the formula O = %(C +5Y+2.5+4T -51),
where €', ¥, T and / are variables which can be considered independent with means and
variances as shown in the table.

Variable C Y T 7

Mean 60.0 6.8 4.5 31

Variance 68.5 2.3 9.0 7.1

C, T and [ are the percentage completions, touchdown passes and interceptions per pass
atternpt. Y 15 the number of metres gained divided by the passes attempted.

Find E(Q) and Var(Q).

El  The random variable ¥ which can oaly take the values 0 and 1 is called the Bernoulli
distribution. Given that P(l) = p ., show that E(¥) = p and Var(¥)= p(l- p).

The binomual distribution can be considered to be a series of Bernoulli trials. That 13,
X=V+1,+...+7Y,.
Show that E(X)=np and Var(X)=np(l-p).

Linear functions and combinations of normally distributed random variabies

In S1 Chapter 9 you saw that the normal distribution can be used to model the
distribution of a continuous random variable. A normally distributed random variable
has the useful and interesting property that a linear function of it is also normally
distributed. In addition, linear combinations of independent normal variables are also
normally distributed.

If a continuous random variable X is distributed normally, then aX + b (where «
and & are constants) is also distributed normally.

If continuous random variables X, ¥, ... have independent normal distribations,
then aX + bY +... (where a, b, ... are constants) is also distributed normally.

The following examples illustrate applications of these important properties.

www.gceguide.com
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Example 2.4.1

The mass of an empty fift cage is 210 kg. If the masses (in kg) of adults are distributed
as N(70,950), what is the probability that the mass of the lift cage containing 10 adults
chosen at random exceeds 1000 kg?

Let the mass in kg of an adult chosen at random be X . Then X ~ N(70,950).
Let the mass of the cage containing 10 adults be M. Then
M=210+X +X,+...+X,.

Assuming that the masses of the adults are independent, M will be normally
distributed with mean and variance given by

B(M) = E(210+ X, + X, + ...+ Xyq)
=210+ E(X,) + E(X,} + ... + B(Xy)
=210+ 10x E(X)
=210+ 10% 70 = 910,

and  Var(M) = Var (210 + X, + X, + .. + X,p)
= Var (X} + Var (X,) + ... + Var (X,g)
= [0 Var(X)
= 10x 950 = 9500.

So M~ N(910,9500).
AS the masses of the adults are independent M # 210 + 10X . SoVar(M) # 10* Var (X)

1000 — 910
9500

— 1~ D(0.923)

~1-0.8220 = 0.1780.

P(M > 1000) = P(Z> ): P(Z >0.923)

The probability that the mass of the lift cage with 10 adults exceeds 1000 kg is
0.178, correct to 3 significant figures.

Example 242

Jamal rents a phone under a scheme which has a fixed charge of $8 per month with calls
charged at $0.20 per minute. Selina rents her phone under a different scheme. This has a
fixed charge of $20 with calls charged at $0.10 per minute. The number of minutes that
Jamal uses his phone in a randomly chosen month is denoted by J and the number of
minutes that Selina uses her phone in a randomly chosen month is denoted by 5. It is
given that J ~ N(120,49) and § ~ N(130,25), and that J and § are independent.

(a) Find the distribution of the amount spent by Jamal on his phone in a randomly
chosen month.
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(b) Find the distribution of the amount spent by Selina on her phone in a randomly
chosen month,

(c) Find the probability that in a randomly chosen month Jamal pays more for his phone
than Selina.

{a) Let C denote the amount spent by Jamal on his phone in a randomly chosen
month. Then C =8+ 0.2J.

Since J is normally distributed, C is also normally distributed with
E(C}=EB(8+0.2/)=8+02E(/)=8+0.2x120=32

and  Var(C)=Var(8 +02J)=02"Var(J) =004 x 49 =1.96.

So C ~ N(32,1.96).

(b) Let D denote the amount spent by Selina on her phone in a randomly chosen
month. Then D =20+0.15.

Since § is normally distributed, D is also normally distributed with

. B(D)=E(20+0.18) =20+ 0.1E{(S) =20+ 0.1x 130 =33
and  Var{D)=Var(20+0.15) =0.1*Var(§) =0.01x 25=0.25.
So D~ N{33,0.25).

(c) In order for Jamal to pay more than Selina in a randomly chosen month, it is
necessary that € > . This inequality can also be expressed as C —D >0, so the
problem can be solved by considering the distribution of C - D, Since J and S
are independent, € and D are also independent. Thus C — D is normally
distributed with

E{C)-E(P)=32-33=-1
and Var(C-D)=Var{C)+ Var(D}=196+025=221.
So €~ D~ N(-1,221).
Jamal pays more than Selina in a randomly chosen month if € —-D >0,

0—(-1)
2.21
=1-®(0.673)
=1-0.7946
=0.2504.

P(C D >0) :P[Z > )=P(Z >0.673)

The probability that Jamal pays more than Selina in a randomly chosen month is
0.250, correct to 3 significant figures.
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The distribution of the sum of twe independent Poisson variables

Suppose you have two Poisson variables, X ~ Po{Ay) and ¥ ~ Po(4,).
Then
E(X+Y)=E(X)+E(Y)=Ay +4,.

Since X and Y are Poisson variables, their vanances are equal to their corresponding
means. Thus, provided that X and Y are independent,

Var(X +¥)=Var(X}+ Var(Y)= A, + 4,

Thus the mean and variance of X + Y are also equal. This means that it is possible for
X +Y to have a Poisson distribution. In fact, it can be proved that X +Y has a Poisson
distribution, provided that X and ¥ are independent, but a proof will not be given here.

Note that a linear combination of independent Poisson variables of the form aX + bY
(where a and & take values other than 1) cannot have a Poisson distribution since in
that case the mean (ady +bA,) is not equal to the variance (azﬂ.x + bzly).

Example 2.5.1

The numbers of emissions per minute from two radioactive sources arc modelled by
independent random variables X and Y which have Poisson distributions with means 3
and 8 respectively. Calculate the probability that in any minute the total number of
cmissions from the two sources is less than 6.

The total number of emissions, X + Y, has a Poisson distribution with
mean S+ 8=13.

P(X < 6)=P(X =0)+P(X = 1)+P(X = 2)+P(X = 3)+P(X = 4)+P(X = 3)
2 3 4 s
S PR L L [;1 R VA
2! 3! 4! 5!

=0.010733....

The probability that in any minute the total number of emissions from the two
sources is less than 6 is 0.0107, correct to 3 significant figures.

Since X + Y has a normal distribution when X and Y have independent normal
distributions and X + ¥ has a Poisson distribution when X and ¥ have independent Poisson
distributions you may be wondering whether these are particular instances of a general rule.
This is not the case. If two independent random variables follow the same type of
distribution, it is not necessarily true that their sum also follows this type of distribution.

For example, if X and Y have binomial distributions with different valuesof p, X +V
does not have a binomial distribution; if X and ¥ have uniform distributions, X + Y does
not have a uniform distribution.
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comdgmeas Exercise 2B

The heights of a population of male students are distributed normally with mean 178 cm
and standard deviation 5 cm. The heights of a population of female students are distributed
normally with mean 168 cm and standard deviation 4 cm. Find the probability that a
randomly chosen female is taler than a randomly chosen male.

W is the mass of lemonade in a fully filled bottle, B is the mass of the bottle and C is the
mass of the crate into which 12 filled bottles are placed for transportation, all in grams. It is
given that W ~ N(825,15%), B~ N(400,10%) and C ~ N(1500,20%). Find the probability
that a fully filled crate weighs less than 16.1 kg.

The times of four athletes for the 400 m are each distributed normally with mean 47
seconds and standard deviation 2 seconds. The four athletes are to compete in @ 4 x 400 m
relay race. Find the probability that their total time is less than 3 minutes.

The capacities of small bottles of perfume are distributed normally with mean 50 ml and
standard deviation 3 mi. The capacities of large bottles of the same perfume are distributed
normally with mean 80 m! and standard deviation 5 ml. Find the probability that the total
capacity of 3 small bottles is greater than the total capacity of 2 large bottles.

The diameters of a consignment of bolts are distributed normally with mean 1.05 cm and
standard deviation 0.1 cm. The diameters of the holes in a consignment of auts are
distributed normally with mean 1.1 em and standard deviation 0.1 ¢, Find the probability
that a randomly chosen bolt will not fit inside a randomly chosen nut.

The amount of black coffee dispensed by a drinks machine is distributed normally with
mean 200 ml and standard deviation 5 ml. If a customer requires white coffee, milk is also
dispensed. The amount of milk is distribuwted rormally with mean 20 ml and standard
deviation 2 ml. Find the probability that the total amount of liquid dispensed when a
customer chooses white coffee is less than 210 ml.

Given that X ~ N(1,10), ¥ ~ N(iz,cy?) and 3X — 4Y ~ N{0,234), find u and o°.

You are given that X ~ Po(3} and Y ~ Po(2). Find the mean and variance of
(a) X+V, (b)y X-7, ¢y 3X+2.
Which of (a), (b) and {(c) has a Poisson distribution?

The number of vehicles travelling on a particular road towards a town centre has a Poisson
distribution with mean 6 per minute. The number of vehicles travelling away from the town
centre on the same road at the same time of day has a Poisson distribution with mean 3 per
minute. Find the probability that the total number of vehicles seen passing a given point in
a l-minute period is less than 6.

The number of goals scored per match by a football team during a season has a Poisson
distribution with mean 1.5. The number of goals conceded per match by the same team
during the same season has a Poisson distribution with mean 1. Find the probability that a
match involving the team produced more than 3 goals.
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Miscellaneous exercise 2

y
1 The random variable X has mean O and variance % .Y =aX+b.1tis given that E(Y) =30
and Var(Y)=80.Find « and b. ' (OCR)

2 The random variable X takes values 2, 0,2 with probabilities 1 E

t
37203
Var{X) and E{| X]).
The random variable Y is defined by ¥ = X, + X,, where X, and X, are two independent
observations of X.Find Var{¥) and E{(¥ +3). (OCR)

respectively. Find

3 The probability of there being X unusable matches in a full box of Surelite matches is
given by

P(X=0)=8k, P(X=1)=5k, P(X=2)=P(X=3)=k, P(X=4)=0.

Determine the constant k and the expectation and variance of X . Two full boxes of
Surelite matches are chosen at random and the total number ¥ of unusable matches is
determined. State the values of the expectation and variance of Y. (OCR)

4 1In a packaging factory, the empty containers for a certain product have a mean weight of
400 g with a standard deviation of 10 g. The mean weight of the contents of a full container
is 800 g with a standard deviation of 15 g. Find the expected total weight of 10 full
containers and the standard deviation of this weight, assuming that the weights of
containers and contents are independent.

Assuming further that these weights are normally distributed random variables, find the
proportion of batches of 10 full containers which weigh more than 12.1kg. » ( >r2-! 3

If 1% of the containers are found to be holding weights of product which are less than the
guaranteed minimum amount, deduce this minimum weight. (OCR)

5% During a weekday, heavy lorries pass a census point P on a village high street
independently and at random times. The mean rate for westward travelling lorries is 2 in

any 30-minute period, and for eastward tmvellmg iomes 18 3 in any 30-minute permcl
Pe e £

Find the probability . . N

-' ,f ': e 12
(a) that there will be no lorries passing P in a given 10-minute period,
{b) that at least one lorry from each direction will pass P in a given 10-minute period,

{c) that there will be exactly 4 lorries passing P in a given 20-minute period. (OCR) '

6 Telephone calls reach a secretary independently and at random, internal ones at a mean rate -
of 2 in any 5-minute period, and external ones at a mean rate of 1 in any 5-minute period.
Calculate the probability that there will be more than 2 ca]ls in any penod of 2 mmutes

.

Nt it 2. . (OCR)
L. 7
o 9 P 3 ¢ B *% °
P 5
sy T ol Eivy ] ot
Y ' ,
’,D 1%
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~"The mass of tca in Supacuppa tea-bags has a normal distribution with mean 4.1 g and

standard deviation 0.12 g. The mass of tea in Bumpacuppa tea-bags has a normat
distribution with mean 5.2 g and standard deviation 0.15 g.

{a) Find the probability that five randomly chosen Supacuppa tea-bags contain a total of
more than 20.8 g of tea.

(b) Find the probability that the total mass of tea in five randomly chosen Supacuppa
tea-bags is more than the total mass of tea in four randomly chosen Bumpacuppa
tea-bags. (OCR)

The independent random variables R and S each have normal distributions. The means of
R and § are 10 and 12 respectively, and the variances are 9 and 16 respectively. Find the
following probabilities, giving your answer correct to 3 significant figures:

(ay P(R<S),
(b P(2R> S, +S,). where S and S, are two independent observations of . (OCR)

Small packets of nails are advertised as having average weight 500 g, and large packets as
having average weight 1000 g. Assume that the packet weights are distributed normally
with means as advertised, and standard deviations of 10 g for a small packet and 15 g for a
large packet. Giving your answers correct to 3 decimal places,

(2) find the probability that two randomly chosen small packets have a total weight
between 990 g and 1020 g,

{(b) find the probability that the weight of one randomly chosen large packet exceeds the
total weight of two randomly chosen small packets by at least 25 g,

(¢) ftind the probability that one half of the weight of one randomly chosen large packet
exceeds the weight of one randomly chosen small packet by at least 12.5 g. (OCR)

The random variable X has a normal distribution with mean 3 and variance 4. The random
variable § is the sum of 100 independent observations of X, and the random variable T i3
the sum of a further 300 independent observations of X . Giving your answers to 3 decimad
places, find

(a) P(S>310), (b) P(3S>50+T).

The random variable % is the sum of 7 independent observations of X . State the
approximate value of P(N > 3.3n) as n becomes very large, justifying your answer.
{OCR)

50l
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Continuous random variables

This chapter looks at the way in which continuous random variables are modelled
mathematically. When you have completed it you should

» understand what a continuous random variable is

¢  know the properties of a probability density function and be able to use them

=  be able to use a probability density function to solve problems involving probabilities
» e able to find the median and other percentiles of a distribution in simple cases

*  be able to calculate the mean and variance of a distribution.

Defining the probability density function of a coniinuous random variable

In $1 Section 9.2, you met the normal distribution as a
model for a continuous variable. A normal distribution
is illustrated in Fig. 3.1 Although many continuous
variables can be modelled by this distribution, there
are also many which cannet.

Consider the following example. A ski-lift takes you mean
from the bottom to the top of a ski-slope. The ‘cars’ on
the ski-lift are attached at equal intervals along a cable
which travels at a fixed speed. The speed of the cars is so low that people can step in and out
of the cars at the station without the cars having to stop. The time interval between one car
and the next arriving at the station is 5 minutes. You do not know the timetable for the cars
and so you turn up at the station at a random time and wait for a car. Your waiting time, X
{measured in minutes), is an example of a random variable because its value depends on
chance. However, it is also a continuous variable because the waiting time can take any
value in the tnterval 0 to 5 minutes, thatts 0= X <5,

Fig. 3.1. A normal distribution.

As was explained in S1 Chapter 9, continuous variables are modelled by specifying the
probability that the variable lies within a particular interval.

For example, you would expect that P(0= X < 2.5) =7 since the interval from 0 to 2.5
accounts for half the values which X can take, and ali values are equally likely. Extending
this idea, you would expect P{0 = X <) :% since this interval covers % of the total
interval. Similarly P(1= X <2)=P(2= X <3)=P3= X <4)=P(4= X <5)=0.2.
These probabilities could be represented on a diagram
similar to a histogram, as shown in Fig. 3.2. In this 027 : : ;
diagram the area of each block gives the probability : : :
that X lies in the corresponding interval. Since the : : : :
width of each block is 1 its height must be 0.2 in : 5 ;

order to make the area equal to 0.2 . Notice that the 0 t R >

. - Waiting time, v (min)
total area under the curve must be 1 since the
probabilities must sum to 1. Fig. 3.2. Diagram to represent the

probabilities of waiting times for a ski-lift.
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The choice of the intervals 0 to 1, 1 to 2 and so on
is arbitrary. In order to make the model more general
you need to be able to find the probability that X iics
within any given interval. Suppose that the divisions
between the blocks in Fig. 3.2 are removed so as to ;
give Fig. 3.3. In this diagram, probabilities still > 'z " P )
correspond to areas. For example, P(03< X = 1)is " Waiting time. x (min)
given by the area under the curve between 0.5 and |,

This is shown as the shaded area in Fig. 3.4: its value Fig. 3.3. Diagram to represent the distribution
. of waiting times for a ski-lift.

is 0.1 as you would expect. )

You should now be able to see that the probability
distribution of the waiting times can be modelled by
the continuous function f(x) which describes

Iig. 3.3. The required function is

T T T :
2 3 4 5
Waiting time, x (min}

f(x) = 0.2 for0=x <35,
=0 otherwise.

It is usual o define 1(x) for all real values of x. Fig. 34, Diagram 10 represent e probability

N i of waiting between 0.5 and 1.0 minutes for the
Once f{x) has been defined, you can find Tt

probabilities by calculating areas below the
curve y =f(x). For example, P(13= X=35)=02x(35-13)=0.44.

Notice that, if you want the probability that X =1.3 or the probability that X =3.5, the
answer is zero, These are just single instants of time, and although it is theoretically possible
that a car may arvive at either of those instants, the probability is actually zero, This means
that P(1.3< X <35)=P(13= X <35) =PI 3<X=<35)=P(1.3= X =35). This
situation is characteristic of continuous distributions.

The function () is called a probability density function. It cannot take negative values
because probabilities are never negative. It must also have the property that the totat area
under the curve y = f(x) is equal to one. This is because this area represents the
probability that X takes any real value and this probability must be 1.

The suitability of this function as a model for actual waiting tithes could be tested by
collecting some data and comparing a histogram of these experimental results with the
shape of y = f{x). Some results are given in Tabie 3.5.

Waiting time, Frequency Relative Class width  Relative frequency
x {min) frequency density
0=x<«l 107 0.214 1 0214
l=xr<?2 98 0.196 1 0.196
2= x<3 105 0.210 1 6.210
3=x<5 190 0.380 2 0.190

Table 3.5. Waiting times for the ski-lift for a sample of 300 people.
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The third column gives the relative Relative
) L frequency
frequencies: these are found by dividing each density
02-

frequency by the total frequency, in this case
500. The relative frequency gives the
expertmental probability that the waiting time
lies in a given interval. The fifth column gives
the relative frequency density: this is found by

o 1 2 3 4 s
o ; Waiting time, x (min)
dividing the relative frequency by the class

width. The data are illustrated by the histogram Fig. 3.6. Histogram of relative frequency for the data
in Fig 36 in Table 3.3,

Normally a histogram is plotted with frequency density rather than refative frequency
density on the vertical axis. The reason for using relative frequency density in this case
(and others in this section) is that area then represents refative frequency and hence
experimental probability. As a result a direct comparison can be made between this
diagram and Fig. 3.3, in which area represents theoretical probability. You can see that
the diagrams are very similar. The experimental probabilities are not exactly equal to the
theoretical ones. For example, the experimental probability of waiting between 1 and 2
minutes is 0.196 whereas theoretically it is 0.2. This is not surprising: you saw in S1
Section 4.1 that a probability model aims to describe what happens ‘in the long run’.

The model for waiting times for a ski-lift was found by theoretical arguments and then
confirmed experimentally. However, often it is not possible to predict the form of the
probability density function. Instead, data are collected and the shape of the resulting
histogram of the relative frequency density may suggest the form of the probability
density function. Table 3.7 gives some more data; these relate to the time interval
between one patient and the next going into the consulting room at a doctor’s surgery.
The doctor’s receptionist always allows at feast a 5-minute interval between the start of
one consultation and the start of the next.

Time interval, Frequency Relative Class width  Relative frequency

X (min) frequency density
S=x<f 16 0.16 l 0.160
6=sx<7 14 0.14 1 0.140
T<x<8 8 0.08 | 0.080
8= x<9 9 0.09 l 0.090
9= x<10 9 0.09 1 0.090
=x<l1l 8 0.08 1 0.080
1M=x<13 12 0.12 2 0.060
13=s x <15 6 0.06 2 0.030
15=x<20 10 0.10 3 0.020
20< x <25 6 0.06 5 0012

Table 3.7. Time intervals between patients entering the consulting room, for 100 patients.
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Relative
frequency
density

0.16- F
014 1
0.12-
0.10-
008 -
0.06-
1.04 -
0.02- —I

0 T !

O 5 10 15 20 25 0

£
-

T T T F
) 19 {5 20 25
Time intervat, x {min) Time interval, x (min)

LA

Fig. 3.8. Histogram of relative frequency for the data Fig. 3.9. Simple model for the time intervals between
in Table 3.7, paticnis entering the consulting room.

Fig. 3.8 shows a histogram of the relative frequency densities. The shape of this
histogram suggests that a very simple model to describe this situation might be the
straight line segment shown in Fig. 3.9. This line has been drawn to cut the horizontal
axis at 25 since all the time intervals were less than this value. You can find the equation
of this line by remembering that the area under the graph of f(x) must be 1, since the
total probability must be 1. Let £(5) equal ¢. Then, since the region under the graph of
f(x) is a triangle of area |1,

-2'~><20><(::l, giving c¢=

I

255" T H0 and the equation of the line is

R R Y 2 =~ L w4t
Yo =g =5), or y=Eogpxtg

Thus the gradient of the line is given by

The probability density function is therefore

| . g flx)
F(x)=d 200 tyg for 5 « 25, N
0 otherwise.
This model can then be used to find
probabilities. For example the probability of a
time interval of more than 17 minutes is given
by .the area of the shaded reg10n in Fig. 3.10. 5 : o 15 20 25
This can be found by using simple geometry. _ Time interval, x {min)
-thn x=17 f(x) = L %17+ 1Tt . : Fig. 3.10. Diagram to illustrate the theoretical
! 200 8 25 e .
probability of a time interyal of more than
| 1 _ 4 17 minutes.
So P(X>17)—7><8><25 = % -

Alternatively you can uge integration to find the area as follows.

P(X>17) :JZS(—Q(‘}—Ox+é)dx:[—Zé—ﬁx2 +éx]f:
17

:(*Eé”o"x 252+§>< 25)~~(—(“—éo><172 +%><17)



= {825 23y [ 289 17
PIX>17) =(-35+ )~ (-3 + ¥)
=625 289y (25 U7y 330 L 4
=(~%0+ To0) + (5 - ¥) =150+ 1 = 55 as before.
You should be able to deduce the value of r:ii;i:g.::y
P(X < 17) without further detailed calculation. density
0.6 =
Fig. 3.11 reproduces Fig. 3.8. The experimental 044 L.
value of P(X >17) is given by the shaded area (.12 1
which is equal to 0.10-
0.08 -
(3%0.02)+(5x0.012)=0.12 = 5. 0.06-
s . . . 0.04 -
Fhis agrees quite well with the theoretical 007
value, 0 . K N
0 3 10 15 20 25
Perhaps you can sec a weakness in the model Time interval, x (min)

for time intervals in the doctor’s surgery. The ; . ; .

. . . Fig. 3.1 1. Diagram to ithustrate the experimental
model is based on a small data set in which no probability of a time interval of more than 17
value is greater than 25 minutes. As a result the minutes.
model predicts that the time interval can never
exceed 23 minutes. However, in the future it might be longer. Fig. 3.12 is a histogram of
the relative frequency density for results collected from a farger sample of patients. You
can see that quite a few values are greater than 25.

This histogram also shows another weakness in the original model: it looks as though a
curve would fit the data better than a straight line. For example, a function of the type

. k - . .
f(x) = — where n and & are positive constants might be more suitable.
x

Relative

frequency

density
0.18-
0.16 |
.14 -
012
0,101
0.08 1
0.06-
0.04 5
0.02 1 ——l____'

0 5 10 15 20 25 30 35 40 45
Time interval, x {min)

Fig. 3.12. Histogram of relative frequency for a larger sample of time intervals.

. 5 - o . .
It turns out that the function f(x) = — for x = 5 fits the histogram quite well.
x

Fig. 3.13 shows the histogram with the graph of this function superimposed on it. You
can see that the curve and the histogram have similar shapes. This model has the
advantage that it sets no upper limit to the time interval.

CHAPTER 3: CONTINUGUS RANDOM VARIABLES Www.gcegu1§1§.com
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Relative
frequency
density

0.18-
0.16-
.14~
0.12+
.10~
008+
006
0.04 1
002 ==

0 . — T T
0 5 [0} | 30 33 40 45
Time iaterval, x (min)

th
I~
=]
[
th

Fig. 3.13. Histogram in Fig. 3.12 with f(x} superimposed.

Since f(x) is always greater than zero it has one of the required properties of a
probability density Function. In order to accept this function as a probability density
function, you also need to check that the area of the region underneath its graph is 1.
This can be done by integration as follows.

o 5 = g
f\reazj f(x)d,r:J’ Odx+ | —5dx

o 5 X

=o{_§r:~o~(~l)=i-

X5
So the function
5 -
. = >
{(x)=132 for x =35,
0 otherwise,
has the properties required ot a probability density function.

Here is a summary of the propertics of a probability density function.

The probability density function, f{x), of a continuous random
=1 variable X is defined for all real values of x. It has the properties:

{a) f{x)=0forall x, (b) Jm fix)dx =1.

The probability that X lies in the interval a =< x = b is given by the
area under the graph of f(x) between a and b. This area can

R e

sometimes be found by using geometrical properties or it can be

= found from the integral

%: il
o Plas<

%

i

it

Pk o Qe e
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Example 3.1.1
The continuous random variable X has the probability density function given by

f(,v):{k(1+-\'2) for—1< y=s1,

otherwise,
where k is a constant.

(a) Find the value of . (b) Find P(0.3= X=06). (c) Find P X|<02).

(a) r f(x)ch:f k(1+x2)dx=k[x+%x3]]l
e -1 -

= k(145 )= k(=D + Ix (=) =k -k x(-3) = k.

Using the second property in the box,

J F{x)dv =1, so §k = 1. This givesk = g

0.6
- 3 N =3[r+ 1310
(b) P(03< Xso.s)_LJ (et )de=dx+ 120

_3 t 3 3 1 3
- 8—(0.6+3-><0.6 )~§(0.3+.3.><0.3 )
=0).136, correct to 3 significant figures.

0; %(1+x2)dx: -g—[x-l-—%f]

(<) p(] X ; < 0_2) = P(—O.Z < X<« ().2) = j 02

&

=3(02+1x02%)-3((-02)+} x(-02)’}=0.152,

Example 3.1.2
It is proposed to model the annual salary, X, measured in thousands of §, paid to sales
persons in a large company by the probability density function

F(x) = cx_% for x 2 16,
0 otherwise.

{a) Find the value of c.
(b) Find the probability that a person in this profession chosen at random earns between
$20 000 and $30 000 per year.

80

=(-0)-(~Zex167F) = e,

(a) f: f(x)dx = JT; ex T dx = [—% cx'%] TSED

16

Since J f(x)dx=1, gegsc=1, giving ¢=2560.
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- 30 s

30
(b) P(20= X = 30) =J 2560x"F dx = [2560 x(- )):_1]
0

| td

20
= (2560 x(—%)xBOAg)—(Q-”ﬁO x(-3)x 20"§)

= 0.365, correct to 3 significant figures.

Exercise 3A

In all the questions in this exercise, ¢ and k are constants. In this and the following
exercises, some questions involve the exponential function ¢ . If you have not already
met this function in P2 Chapter 4, you should omit these questions.

11 .
1 The probability density function f(x) = ("(l 8 x) 0= x S 8,
0 otherwise.
{#) Find the value of the constant ¢. (b)Y Find P(X =0).
{c) Find P(4= X <6).
2 -
2 The probability density function f(x) =]~ 0=x<3
0 otherwise,

(a) Fincl the value of the constant k.
(b} Find P(X=<2).
(¢) Find P(15= X=2.3).

(d) Given that the probability that X is Iess than & is 0.2, find the value of &, correct to 2
decimal places.

{2 <
3 The probability density function f(x)= {C(": N 2) U= x=3,

0 otherwise.
(a) Find the value of the constaat ¢. {b} Find P(X=1.5).
4 The probability density function f(x)= {8(4 B x?) ;ti:wtsj 2,
(a) Find the value of the constant ¢. (b) Find P(X=0).
(¢) Find P(X = 1). , (d) Find P()X|=1).

(e) Find P(-05=< X <05}

5 Thelife, X, of the StayBrite light bulb is modelled by the probabitity density function

ke x=0
f(x) = ’
) {0 otherwise,

where X is measured in thousands of hours.

(2) Find k.

(b) Find the probability that a StayBrite bulb lasts longer than 1000 hours.
(¢) Find the probability that a StayBrite bulb lasts less than 500 hours.
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6 A printer ink cartridge has a life of X hours. The variable X is modelled by the
kx™ x =400,

probability density function f(x)= .
0 otherwise.

(a) Find k.
{b} Find the probability that such a cartridge has a life of at least 300 hours.
(c) Find the probability that a cartridge will have to be replaced before 600 hours of use.

(d} Find the probability that two cartridges will have to be replaced before each has been
used for 600 hours. )

7 The probability density function fx)
F(x) = k(x —a)? 0=x=aq, .
! 0 otherwise,

is shown in the sketch.

(a) Use the information given in the sketch and
the properties of probability density

functions to find the values of « and k. 0 a X

(b) Find P(X = La).

3.2 The median of a continuous random variable

The median, M, of a continuous random variabie is defined as the value which divides
the area under the probability density function into two equal halves. Then the
probability that X s above the median is equal to the probability that it is below. In
mathematical terms the median is defined as follows.

The median, M, of a continuous random variable is that value for which

M
P(X < M):J f(x)de =1,

In simple cases the median can be found by
considering symmetry. Fig. 3.14 reproduces
Fig. 3.3 which showed the probability density
function for the waiting times for the ski-lift.
The line x =2.5, which is shown on the
diagram, divides the area under f{x) in half
and so the median waiting time, M, is 2.5
minutes. Fig.3.14. Fig. 3.3 with the median shown,

0.2

0 1 2M3. 4 5
Waiting time, x (min)
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Example 3.2.1
Two models are proposed for a garage’s weekly sales, X, of petrol measured in units of
100 000 litres.

= x =
The first is f(x) = {2-’6 for0<= xy =1,

0 otherwise.

22°(1-x%)  for0O=<x=1,

The second is glx)= )
0 otherwise.

(a2} Find the median for the first model.

(b) Verify that the median of the second model is the same as that of the first model.

f{x) ()4
3. 2 -

+ - T >

0 M, 1 x 0 M1 x
Fig. 3.15. Graph for part (a) of Example 3.2.1. Fig. 3.16. Graph for part (b) of Example 3.2.1.

(a) Fig.3.15 shows the graph of f(x). The median is denoted by M,. The area of
the shaded triangle is 0.5. When x = M, f(x)=2M, so

the area of shaded triangle = é XM %x2M, =05,
giving M| = \/:'1 = (.707, correct to 3 significant figures,

(b) Fig. 3.16 shows the graph of g{x), with the median, #,, for the first model
marked. If the shaded area in Fig. 3.16 is equal to 0.5 then M, is also the median
for the second model.

The area of the shaded region is

LM' 122°(1- %) de = LMI (1227 ~12x%)dr = [32% - 2x6]2”'

=3M* - 2M,° = MP(3M,% - 2:m,*).

2
Recalling that #,2 =1, the shaded area is %(3 x1-2x(1) ) =311

Thus the median of the second model is the same as the median of the first model.

www.gceguide.com
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Example 3.2.2
Find the median salary (to the nearest $100) of the probability density function in

Example 3.1.2.

Fig. 3.17 shows the graph of f{x)= {3560"5-2‘ for x = 16,

otherwise.
The median is indicated by M and the f0
. 0.2-
shaded area 1s equal to 0.5.
Set the upper limit of the integral to M, 0.1-
form an equation and solve it for M as
follows. 0 16 M x
Fig. 3.17. Graph of the probability density
function for Example 3.2.2.
M . M K
P(X = M) =J 2560x Tdx=| 2560x *dx
—oo 16
- 21,41
= 2560 (273
: = (2560 (-3} ar7F |- (2560 x (- 2) x 167

= 1024M 73 41
This probability must equal 0.5, so —1024M 7 41 = é , giving 102407 = é

o3 5 .. L
Hence M * = _2%8" so0 M? =2048, giving M =21.1, carrect to 3 significant
figures,

So the median salary is $21 100 to the nearest $100.

The method described above for finding the median can be extended to finding other
percentiles. Suppose, for example, you wished to find the lower quactile, @, , of the

distribution in Example 3.2.2. In this case

0 , _
P(X <) =j 2560x Fde=-10240,F + 1= .

. 4096} o
So 1024Q, 72 = % giving @ :(-—3—} =18.0, correct to 3 significant figures.

You can check that the upper quartile is 27.9, correct to 3 significant figures.

Exercise 3B

ottt na e S s

2
ix¥*  0sxs=3,

1 The probability density function f(x)= ;
¢ probability density function £(x) {0 otherwise.

Find the median value of X.
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39

A printer ink cartridge has a life of X hours. The variable X is modelled by the probability
400x77 x> 400,

density function f{x)= {0 otherwise
WIESE.

(a) Find the median lifetime of these cartridges.
(b) Find the value of b such that P(X < 5b) =0.6.

- <x<
3 The probability density function f(x)= {St 4 ithcfwiss’
(a) Sketch the graph of f(x).
(b} Find the median value of X.

{c) Find the mterquartile range of X.

4 The life, X, of the StayBrite light bulb is modelled by the probability density function

-2 . :
f(.\'f) - 2e X = 0, A
0 otherwisc,

where X is measured in thousands of hours.

(a) Sketch the graph of f(x).

(b Find the median life of these StayBrite bulbs.
{c) Pind the value of w such that P(X > w} =09,

S The probability density function f(x) = 5( 3 ’
P Y Y () {0 otherwise,

(a) Sketch the graph of f(x). (b) Find the median value of X.

3.3 The expectation of a continuous random variable

The expectation (or mean) of a continuous random variable, X, is defined by

E(X)r,usz xf(x)dx. 3.1

1t is not possible to deduce this formulia, but the following argument may help you to see
why this definition makes sense.

¥

* x X+ 8x
Fig. 3.18a. Generalised probability density function. Fig. 3.18b. Enlarged version of one
of the strips in Fig. 3.18a.
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Look at Fig. 3.18a. This shows a probability density function, f(x), for a continuous random
variable, X. The region underneath y = f(x) has been divided into narrow strips of width
Ox . Fig. 3.18b shows one of these strips, with some dotted lines added.

The probability that X takes a value between x and x+8x is 84, the area of the strip.

Comparing with the equation for a discrete random variable E(X) = ZxP(X = x), this
narrow strip makes a contribution to E(X) which can be denoted by 8F where

SE is between x3A and (x +8x)x 3A.

Using the ideas which you met in P1 Section 16.2, you can say that 84 lies between y8x
and (y+8y)dx,

50 OF lies between xySx and (x +8x)(y + Oy)dx.

Dividing through by dx gives

%E lies between xy and (x+8x)y +dy).
x

-
[«

SE dE
When §x tends to 0, ? tends to —&-— Also Sy tends to (0, so that y + 8y tends to y. It
X X

. df
follows that — = xy.
dx

-

2 = xt(x).

Since y=f(x) this can also be written ;
dx

Integrating,
E :J xf(x)dx.

Note the correspondence between this and the equation E(X) = Zx P{X = x) that for a
discrete variable: f{x)dx replaces P(X = x) and the sumnmation is replaced by an integral.

Example 3.3.1
Find the mean salary (to the nearest $100) of the probability density function defined in
Example 3.1.2 and compare it with the median salary which was calcuiated in Example 3.2.2.

From Equation 3.1,

1 =E(X) :j xf(x)dx = J XX 2560x 2 dx
—oo 16

= _s gy 3T
:J 2560x * dx =[2560x (- 2)x7 |
16 16

- 2 -3Y _9g2
- (O)w(2560><(~§)>< 16 )_ 262.
To the nearest $100, the mean salary is $26 700.

The mean is greater than the median (= $21 100) because the distribution is
positively skewed.
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34 The variance of a continuous randeom variable

‘The variance of a continuous random variable, X, is given by

Var(X)=o’ = r x*(x)dy - (3.2)

This formula shows the same parallel with the corresponding formula for a discrete
random variable that was noted in the previous section. Recall {(from S1 Section 8.2) that
the variance of a discrete random variable is given by

Var(X) =Y X*P(X = x)— i .

As in the expectation formula f(x)dx replaces P(X = x} and an integral replaces the
surnmation.

Example 34.1
For the continuous random variable X with probability density function defined by

3 (2 -
f(x)= gH(2-x)  for0=x<32,
0 otherwise,

find  (a) the mean, (b) the variance, (¢) P(u—-o<X<pu+o0).

(a} Using Equation 3.1

v oo

u:E(X):J

e

2
xf(x)dxzj %xz(Z—x)dx
0
2 E
= [ge - 3ar=3xdad -3t ) = (bx - dxat)=a 3=,
(

If you look at Fig. 3.19, which shows the
graph of y = f(x), you will see that there
is a much quicker way of arriving at this
result. Since this graph is symmetric

about the line x =1, the mean must be 1.

fl.e)

For a symmelrical probabilly density
function, e mearn /s moast easily found 0 1 2
by using symmetry.

Fig. 3.19. Graph of the probability density function
(b) Using Equation 3.2 for Example 3.4.1,

o2 =Var(X)=J () dr — 2
2 2
:f xzx%x(Z—x)dx—lzzJ.

o 0

2| -1=(6-2)-(0)-1=1=02.

{l
fremere—
AR
X
|
=
|
i
X
L
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~ The probability density function f{x)= {3

(c) P(pt—ﬁ<X<y+a)=?(1m@3<x<1+M)

1402 102
5
=J —'}x(2~.t)dx:J . (%,rugx')ch'
1-Jo2

I
(300 /02" -5 (1+02))
_(;13(1 ‘“M)z m"ii'(l _m)a)

=(3x1447.2 -1 x1.447.7)

._(iix 0.552.% -1 x 0.552...3)

=0.626, correct to 3 significant figures.

Exercise 3C

L - 0= x=3,

0 otherwise.

Find the mean and variance of X.

2x—4 2= x=3,

The probability density function (x) = {0 otherwise

Find the mean and variance of X.

LY [ = x=
The probability density function f(x) =14 (l 8 x) 0= x ) 8,

0 otherwise.
(a) Sketch the graph of f(x}. (b) Find the mean and variance of X.
The mass, X kg, of silicon produced in a manufacturing process is modelled by the

3 {4y o2 <
probability density function £(x)= {32 (4x-x")  O=x=4,
0 otherwise,

(a) Sketch the graph of f(x).
(b) Find the mean and variance of the mass of silicon produced.
The EverOn battery has a life of X hours. The variable X is modelled by the probability

4
density function f(x)= {3000.1 gtiei\(f)v,isé

(a) Sketch the graph of f(x).

(b) Find the mean and variance of the lives of these EverOn torch batteries.

" A printer ink cartridge has a life of X hours. The variable X is modelled by thcrprobability

ket 400 < x < 900,

density function f(x)= {B otherwise

(a) Sketch the graph of f(x}. (b) Show that k=720. - ..~

(¢) Find the mean and variance of the lives of these cartridges.
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Questions 7 and 8 require integration techniques covered in P3.

7 The life, X, of the StayBrite light bulb is modelled by the prabability density function

—2x .
f(_t) — 2(3 X = 0, )
0 otherwise,

where X 1s measured in thousands of hours.

Find the mean and variance of the lives of these StayBrite bulbs.

8 The radioactivity of krypton decays according to the probability model
—~Ax
fm:{ke x=0,

0 otherwise.

(a} Showthat A =4F%.

(b) Find the mean and variance of X interms of &.

Miscellaneous exercise 3

Questions 10 to 12 require integration techniques covered in P3.
1 A coatinuous random variable, X, has probability density function given by
Iy =x=
() = {81 0= x =4,
0 elsewhere.

(a) Calculate P(X < 2). (b) Calculate the expected value of X (OCR)
2 A continuous random variable, X, has the probability density fuinction

1 =
r‘(x):{s 0= x<5,

0 elsewhere.
Find
(a) the mean, B(X},
(by Var(X). (OCR)

e “The time, in minutes, between two consecutive calls to a telephone switchboard is
modelied by a continuous random variable, X . The probability density function, f(x), for
this random variable is given by

oy | K10 =x) 0= x=10,
flx) = {0 otherwise.

{(a) Calculate the value of £ . .
(b) Find the mean time, E(X), between two consecutive calls.
(¢) Find Var(X). . {OCR)
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4 A continuous random variable, X | has the probability density function, f(x), given by

N k{4 —x) O x=4,
fx) = {0 otherwise.

(a} Sketch the probability density function.
(b) Determine the value of k.

(¢) Calculate the probability that X >2.35.
(dy Find E(X).

-5 A continuous random variable, X, has the probability density function

f(t)z{%x D= x<2,

0 otherwise.
(a) Find the median valuc of X
(by Find E{X).
(¢} Find Var(X).

6 A continuous random variable, I/, is uniformly
distributed on 0.5 = u < 2.5, as shown in the F{a)

(OCR)

(OCR, adapted)

diagram.

(a) Find the probability density function f(u}.

(b) State the mean of /. 0 05

(c) Use integration to calculate the variance of U.

{(OCR)

’Z/Tffle length, in metres, of ‘offcuts’ of wood found in a timber yard can be modelled by a

continuous uniform distribution with density function, £(x), defined as

| -
£(x) = [I 02=x=038,
l() otherwise.
(a) Write down the value of &.
(b) State the mean length.

(¢) Calculate the variance of the length.

S"fhc random variable, X, has probability density function
' 3 < x =2,
fla)= {gx (c))thefwise.
(a) Find the value of k.,
(b) Find E(X).
(¢) Find Var(X).
(d) Find the median of the distribution.

{e) Find the probability that an observation lies within one standard deviation of the mean.

{OCR)
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~The random variable, X, has probability density function

f(x)z{’hg 0= x§ 4,

0 otherwise.

(a) Find the value of 2.

(b) Find E(X).

(¢} Find Var(X). .

(d) Find the probability P(1< X <2). ~o-'s (OCR)

‘The continuous random variable, X, has probability density function

k
- I x=<2,
f(x) = {x
0 otherwise.
(a) Find the value of the constant k.
(b) Find the mean, E(X).
(c) Find the variance, Var(X}.
(d} Determine the median value of X.
In{ln2)
In2
Au internet surfer suggests that the time (¢ minutes) that he spends on the internet can be
modelled by the probability density function

0.1e™™  r=0
fity= ’
@ {0 otherwise.

(c) Show that the probability that X is less than the mean is — (OCR)

(a) Verify that this is a properly defined probability density function.
(b) Find the probability that the surfer spends less than 4 minutes on the internet.

{c) Find the probability that the surfer spends more than [0 minutes on the internet.

The random variable X has probability density function

. =X 0 = X
f(x) = ac s
() {0 otherwise.

(a) Find the median value of X.

The above distribution, with @ = 0.8, is proposed as a model for the length of life, in years,
of a species of bird. :

(b) Find the expected number out of a total of 50 birds that would fall in the class interval
2-3 years.
The continuous random variable X has probability density function
_[(x=a)(2a—x) a< x=2a,
f) = {0 otherwise.
(a) Show that ¢° =6.
{b) Find E(X). - (OCR)
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14 A farmer needs to install a new water-pump. Pumps almost always run perfectly for the
first year but thereafter if they fail they are not worth repairing and have to be replaced.
They virtzally never last more than 9 years. The length of time, in years, that the pumps
last can be modelled by the continuous random variable X which has probability density
function given by

Jk
fx) = l:
0 otherwise,

where kL is a constant.

{a) Show that =

23
(b) Find the median length of life of a pump.

{c¢) Find the probability that a pump lasts between 1 and 2 years only.

(d) The farmer is offered a gnarantee to cover the cost of replacing a pump that fails
during the sccond year, at a cost of £300. Given that the pump will cost £1000 to
replace if it fails during this year, what advice would you give the farmer about the
merits of purchasing the guarantee?

(e) Pumps can be rented for an installation charge of £200 plus £250 per year, payable in

« advance. The yearly payment is not refundable if the pump fails before the end of the
year. The farmer does not purchase the guarantee. Find the probability that a pump, at
the end of its tife, would have cost more to rent than to buy for £1000,

(OCR, adapted)
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Sampling

This chapter looks at the ways of selecting a sample from a population. When you have
completed it you should

» understand the distinction between a sample and a population
* understand how to sclect a random sample from a population
» appreciate the benefits of choosing a random sample

¢ recognise that a sample mean can be 2 random variable and use the facts that E(f) =l

. _. ol
and that Var(X) =
H
e usethe fact that X has a normal distribution if X has a normal distribution

e understand the meaning of the central limit theorem and be able to usc it in calculations.

Populations and samples

In statistics you usually wish to study a certain collection of individuals or items. The
collection is known as the population. The term ‘population’ makes you think that the
objects under consideration are living but this need not be true. For example, in S1
Section 1.1 you studied data taken from the internet about breakfast cereals. Breakfast
cereals were the population in this case. It would have been useful to have information
about all breakfast cereals produced from anywhere in the world, but this is unrealistic
smnce it would take too long to do such an investigation and it would cost too much to
carry out such a large survey. A more realistic aim would be to take a subsection of the
population. The term used to describe a subsection of a population is a sample.

Ideally a sample should have all the characteristics of the larger population. In other
words. it should be a miniature version of the population with identical properties.
Untortunately it is almost impossible- for any sample of any population to possess all the
characteristics of the population. For example, in the investigation into breakfast cereals
the information was collected in the US, so many breakfast cereals produced in other
countries were not represented. It is quite likely that other cereals have different
properties from those produced and sold in the US but no information was available for
them. Occasionally you may have the time, money and resources to investigate a
population completely. Such an investigation is called a census. The governments of
many countries carry out censuses of their populations. Census data can be used in
planning, for example, the provision of housing and-education.

In general the selection of a sample is preferable to a census, because it takes too much
time and costs too much money to do a census. There are several other reasons why you
might prefer to take a sample rather than carry out a census.

¢ There are likely to be fewer recording errors when a sample is taken because it will
probably involve fewer people. Those people are likely to have more time to carry out
the measurement and recording for the survey because the size and complexity of the
task will not be as great as with a census.
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s The analysis of the results can be carried out more speedily.

e Sometimes measurement on an individual sample member may result in its destruction.
For example, if you were recording the lifetimes of batteries of a certain brand, then
every battery which was selected would be used until it no longer worked. If a census
were done then every battery ever made by that manufacturer would be destroyed. It is
untikely that any manufacturer would be willing to agree to such a census!

When you take a sample from a population you want to try to ensure that your method
of selection is done in such a way that no feature of the population is over-represented or
under-represented in the sample.

For example, suppose you were selecting students from a school with the aim of
determining the mean height of all the students in the school. You would not choose a
sample consisting entirely of first-year students because you would expect that such a
sample would underestimate the true mean height. When a sampling method does over-
represent or under-represent a feature of the population it is said to be biased. Any good
selection method should try to reduce the chance of bias as far as possible.

The most common approach to the task of avoiding bias is to select a random sample.

A random sample of size n is a sample chosen in such a way

that each possible group of size # which could be taken
from the population has the same chance of being picked.

Choosing a random sample

In order to select a random sample you need a list of all the members of the population.
This list is calied a sampling frame.

Suppose, for example, that the population consists of 450 different objects and that you

. want to take a random sample of size 20. You would assign each member of the
poptlation a unique identification number between | and 450 inclusive. You would then
write each of the numbers between 1 and 450 on separate tickets and put them into a
large hat (or other container). To obtain a random sample of size 20 you draw out 20
tickets from the hat, one affer another, just as you would in a lottery competition. You
must ensure that the tickets are thoroughly shuffled between each selection and you
must select the tickets without replacement.

The method described above is rather time-consuming if the size of the population is
large and so it is more common to adopt alternative methods which use random number
tables or the random number facility on a calculator or computer.

The random number facility on a calculator provides a decimal number between 0 and |
given to a fixed number of decimal places. The number of decimal places given varies
depending on the make of calculator. Some makes give the decimal with 10 digits after the
decimal point. To get your calculator to produce this random decimal you will probably need
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to look for the command [rand] or [rnd] on your calculator. Each time you give the calculator
this command it will produce a 10 digit decimal number between 0.00000 00000 and
0.99999 99999 inclusive. A different 10 digit decimal appears each time you use {rand].
Strictly speaking, the decimals produced in this way are not random because the calculator
uses a system of rules to produce each decimal and if you knew the rules you could predict
each decimal number. This means that the digits produced are not really independent of one
another. For a truly random sequence of digits, the process which produces the digits should
ensure that each digit in the sequence is equally likely to be any of the digits 0, 1,2, ... ,9,
independently of any of the other digits. Nevertheless the sequences produced in this way
do have some of the properties of random digits and they are usually considered to be
acceptable as an alternative to a truly random sequence of digits.

in this book, random numbers will be written in blocks of five digis.

A random number table is a list of integers 0, 1, 2, ... , 9 which is produced so that
each digit 1s equally likely to appear in any position in the list. This list of digits has
been taken from a set of random number tables.

24359 74025 9083 | 88610
14668 78292 514740 17505
40580 96418 73381 23112

Although the tables have been arranged in blocks of tive digits, you can regard the digits
as forming a single long list. The procedure for selecting a random sample is given below.
The population sizc is 450 and each member of the population has a unique identification
number between | and 450 inclusive.

*  Choose some starting point in the tables at random (by using a dice or by some similar
mcthod). The digit in bold font shows the randomly chosen starting point.

24359 74025 80831 88610
14668 782912 51470 17505
403580 964138 73381 23112

»  The population size is a three-digit number so read off the first three digits starting with
the bold-faced digit, obtaining the number 147. This means that the first object in your
sample is the object whose identification number is 147.

o  Since the sample is to be of size 20, you need to choose 19 more objects from the
population. Take the next block of three digits, 017, and select the object numbered 17.
The third block is 505; this does not correspond to the identification number of any
member of the population, so ignore it and move on to the next block, 405. Continue in
this way, selecting blocks of three digits until you have a sample of 20 objects, If a
three-digit block occurs more than once, ignore any later occurrence and move to the
next block.

You may think that it is wasteful to discard all the blocks of digits which give numbers
greater than 450. You can avoid this wastage by allocating a second block of three digits to
each member of the population. Then 900 of the 1000 possible three-digit combinations
would correspond to objects in your population. You cannot allocate the remaining 100
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blocks to members of the population because that would give some members of the
population a gredter chance of being chosen than others. For a random sample every
member of the population must have an equal chance of being selected.

There are many ways in which you can allocate two blocks to each member of the
population. Ideally you want a way which makes it easy to identify which member of the
population has been selecied. Table 4.1 shows one possible way.

Number identifying Random digit
population member blocks
| 001 002
2 003 004
450 899 900

Table 4. 1. Allocating random numbers 1o a population.

[t is easy to identily which member of the population has been selected using the system
in Table 4.1, For an even-numbered block you halve its value to find the appropriate
member of the population and for an odd-numbered block you add one and then halve
the number. For example, block 420 corresponds to object number %x 420 =210 and
block 555 corresponds to object number é x(555+1)=278.

If the population size is greater than 1000 but less than 10 000 you can adapt the sampling
method described by taking blocks containing four random digits rather than three.

It is easy to adjust the method if you are using the random number facility on a
calculator. Suppose, for example, you obtain the random decimal 0.33936 62525. You
can ignore the decimal point and treat the (0 digits as 10 random digits 33936 62525.
After that you can use the method which was given for use with random number tables.

In some textbooks you may see an alternative method suggested for using the random
number facility on a calculator. The instructions below summarise this method for a
population of size N.

s  Select a random decimal, r, on your calculator.
e Multiply r by N.
o Take the whole number part of this answer and add 1.

This process is sometimes expressed by giving the formula

identification number of the selected

member of the population = in(Vxr)+1,

where intx is a function whose output is the greatest integer less than or equal to x.
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So, for example, with N =450 and r =0.04399 19875,

int(N xr)+1=int{450 x0.04399 19875) + 1
' =int{19.79.. )+ 1 =19+ 1= 20,

This method clearly does give every member of the population a chance of being
selected but is each member equally likely to be chosen? Strictly, the answer to this
question is ‘No’, for the following reason,

There are 10'® different random decimals with 10 digits and by the method above each
one generates an integer between | and 430 inclusive. However, 450 does not divide
exactly into 10', so some of the values between 1 and 450 must be more hkely to occur
than others. In practice the differences between how often each digit occurs are small and
this method is often used as a quick practical method of generating a random sample.

You should realise that even when you have taken a random sample you are not
guaranteed that your sample will be representative. For example, upon selecting a
random sample of [0 students from a school with the aim of estimating their mean
height you might find that every member of the sample is a first-ycar student. It is not
very likely but it is certainly possible. The method of random sampling does not
guarantee that the chosen sample is representative. What is guaranteed is that the method
of selection is free from bias.

You should also realise that it is not always possible to select a random sample. You
will recall that you need a sampling frame before you can select a random sample from a
population, Sometimes this is not possible. For example, suppose that your population is
all men who arc colour blind. No list is available for this population so a random sample
cannot be taken. Other, non-random methods have been devised to take sensible samples
in such cases.

Example 4.2.1

An insurance company receives a large number of claims for storm damage. Following a
spell of particularly stormy weather 42 claims are received on a single day. Sufficient
staff are available to invéstigate only 6 of these. The claims are numbered 01 to 42 and
several suggestions are made as to how the sample of 6 should be selected. Comment on
each of the following methods, including an explanation of whether it would yield a
random sample or not. In each case 6 claims are required.

{a) Choose the six largest claims,

(b} Select two-digit random numbers, ignoring 00 and any number greater than 42. When six
distinct numbers have been obtained choose the corresponding claims.

(c) Select two-digit random numbers. Divide each one by 42, take the remainder, add 1 and
choose the corresponding claims. (For example, if 44 is selected then claim number 03
would be chosen.)

{(d} As part (¢), but when selecting the original random numbers ignore 84 and over.
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(e) Select a single digit at random, ignoring 0, 8 and 9. Choose the claim corresponding to this
number and every seventh claim thereafter. (For example, if 3 is selected choose claims
numbered 03, 10, 17,24,31,38) (OCR, adapted)

(a) Choosing the six largest claims would be a good idea if the insurance company has
any doubts about the claims, as the company would not want to pay out large amounts
if the ¢laims were not valid. However, this method does not give every one of the 42
claims an equal chance of being chosen so it is not a random sampling method.

{b) This method will provide a random sample. However, many of the random
digit pairs will be ignored since it is quite likely that some of the pairs will be
greater than 42, so the method is inefficient and wasteful.

(c) This method will give results between | and 42 inclusive but not all of the
numbers between 1 and 42 have an equal chance of being chosen. For example,
claim 1 has three possible random digit pairs which correspond to it. They are 00,
42 and 84. Claim 30 only has two random digit pairs with which it corresponds,
29 and 71. Therefore the suggested method will not provide a random sample.

(d) The objection that some of the pairs will occur more often than others is no
longer valid. The method, as described, will provide a random sample.

(e)" This method is usually known as a systematic sample. Each individual claim
has an equal chance of being chosen but the method nevertheless does not provide
a ranlom sample. For a random sample every possible group of 6 claims needs to
have an equal chance of being chosen. Using this method, however, it would be
impossible, for example, to sclect the first 6 claims. Providing the list of claims is
not arranged in any particular order this may well be a very reasonable method of
selecting a sample, but it does not provide a truly random sample according to the
strict definition of a random sample.

Exercise 4A

1 The makers of a lime drink wish to find out what people think of it and decide to interview
-a sample of shoppers. Comment briefly on the suitability of each of the following samples.

{a) A sample of shoppers who have just bought the drink.

(b) A sample of shoppers consisting of one person aged 20, one person aged 21, one
person aged 22, and so on, up to one person aged 30,

(c) A sampie consisting of every 50th shopper. {OCR)
2 Information about a population can be obtained from a random sample. Explain what you
understand by the term random sample.

Comment briefly on the following methods of obtaining a ‘random sample’ of people from
a large town. ‘

(a) Choose random names from the town’s telephone directory.
(b} Visit every 10th house in a certain area of the town on a Wednesday morning.

(c) Choose at random people from each postal district in the town in proportion to the
population of each district. (OCR, adapted)
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3 The editor of a local newspaper wants to investigate the age distribution of the people who
read the paper, and to obtain this information a random sample of the paper’s readership is
required. For each of the following sampling methods, give one reason why the method
may be unsatisfactory.

(a) Reporters from the paper visit various local newsagents and interview a selection of
customers in the shops who buy the paper.

(b} A form is printed in one issue of the newspaper, and readers are invited to fill in their
details, cut out the form and send it (post free) to the newspaper’s office.
(OCR, adapted)

4 Give areason why the following procedure will not give a random sample of the letters of
the alphabet.

Repeatedly choose a page at random from a dictionary and take the initial letter
of the first word defined on the page.

Describe a suitable way of obtaining such a sampie. (OCR, adapted)

4.3 The sampling distribution of the mean

In order to investigate the relation between a population and samples taken from it, it is
helpful to start with a simple practical situation,

Suppose that you arc sampling throws of a fair cubical dice. The best way to do this
randomly is to roil dice. If you want a sample of size one you would roll a single dice; if
you want a sample of size two you would roll two dice, which is the same as rolling a
single dice two times in sequence. For a sample of size n, you would roll i dice, or a
single dice n times in sequence. To make things clear, imagine the following situation,
starting with the simplest case.

Samples of size one

Suppose that you are playing a game in which you receive a prize, in $, equal to the
score obtained on one dice throw, Before you start to play the game you do not know
exactly what the value of your prize will be, so your prize is a random variable.

For a single throw of the dice the score, X, has the probability distribution given in
Table 4.2. This is illustrated in Fig. 4.3. '

Value, x 1 2 3 4 5 6
I T T

Table 4.2, Probability distribution for X, the score when a single fair dice is thrown.

The mean, [, of the distribution of X, is equal to 3% . You can see that this is true by
considering the symmetry of the distribution.

To find the variance of X, use the formula cl= Var(X) = fopi —y2 from
S1 Section 8.2.
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In this case

_ A
6% = Var(X) p(x= '1)
RS- S NS DU By BN S A | &
SUXe+ X+ Xp+d " Xg
2,1 g2, 1 1\?
+5xt+6"x1~(34)
=(12+22+32-{—4&2+52+62)><<—l3 12 T s s T
M(3%)2 Fig. 4.3, Bar chart showing the distribution of P(X = x).
=91 49 _ 35
-6 4 T2

Samples of size two

Suppose now that the rule of the game is that you receive a prize, in §, equal to the mean
of the scores obtained on two dice throws, For example, if it turned out that you threw a
4 and then a | your prize would be $2.50 whereas if you scored 6 and 4 your prize
would be $5. Before you start to play the game you do not know exactly what the value
of your prize will be, so the value of your prize is a random variable.

If you let X| be the score on the first dice throw and X, be the score on the second
dice throw, then the mean score can be expressed in terms of X and X, as

%—(X1 + X, ). Notice that each of X, and X, has a distribution identical to the -
distribution of X above. .

So in this example %(X [ + X, ) is a mean but it is also a random variable because it
depends on the two separate scores, which are themselves random. The natural symbol
to use for this random variable is X . (Notice that you saw the symbol ¥ before, in 1
Section 2.5, but here the symbol is given in upper case (capitals) because it 15 4 random
variable.) In this chapter, where there will be discussion about the size of the sample, it
will be called X(2) as it represents the mean of two dice scores, or equivalently the
mean value of a sample of size two drawn from the distribution of X.

Since X(2) is a random variable, it has a probability distribution associated with it
Table 4 4 shows all 36 equally likely possible outcomes of two fair dice throws. The
entries represent the mean scores of the 36 possible pairs.

Xy, Value of X,

i 2 3 4 5 6
1 1 1} 2 24 3 3}
I | ]
2k o2 28 3 3L 4
x;, Value of X, 3| 2 21 3 3! 4 44
] 1 |
4 25 3 33 4 4§ 5
1 1 1
5 3l 32 4 45 5 52
| |
613 4 4 5 51 6

Table 4.4. Possible mean scores when two fair dice are thrown.
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Of the 36 possible pairs, {x),x,), there are four cases for which the mean score is 24,

The four cases are (1.4), (2,3). (3,2) and (4.1). So the probability P( X(2) = 2%) = _3‘35 :-é.
By counting all (x,x, )} pairs that give the 11 possible mean scores you should be able
to verify that Table 4.5 gives the probability distribution for X(2) . This distribution is
called the sampling distribution of the mean, in this casc for the mean of two throws

of a fair dice. The distribution is illustrated in Fig. 4.6.

Value, x P13 2 23 3 35 4 41 5 sl ¢
T(7) = f 2 3 4 5 6 5 & 3 2
PX@=x) & % % % % % owm owm % ow %

Table 4.5. Probability distribution of the mean score when two fair dice are thrown.

There is a connection between the mean

1, of the distribution of X and the mean P(R(Z}:")
of the distribution of X(2). From the ¥
symmetry of thc distribution, ‘

X{2) 5,50 BELX(2) 2
)5, ) Lol IHJM_,
2 3 4 5 6

The variances of X and X(2) are also 1
connected. The variance of X(2) is
given by

Fig, 4.6, Bar chart showing the distribution of P[X’-(’z) = .r) .

Var(}_{(z))xi2><§‘E+(1%)2x3(+2 Xt 6 xm?m(:%l)z

=57 (after some calculation).

You can see from this result that, as ¢* = 12 . Vdr(X(’)) ;:

Summarising, and returning to the language of samples, for samples of size two

E(z?(?.)) =y and Var(j(m(Z)) = %0‘3, where E(X) = g and Var(X)=0".

These results are true for i distributions, not just for this particular one. The results follow
from the rules established in Chapter 2 for linear combinations of random variables.

B(E(2) = (3 (% + X)) ~E{1 %+ 1)

=1E(X,)+5E(X,)  (trom Equation 2.7)

I e

SR TR
— 1
and  Var(X(2)) = Var (1(X, + X,)) = Var (1 X, + § X,)
() Var (X,)+ (1) Var(X,)  (irom Equation 2.8)
=40’ +10’
:"éf)'z.
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Samples of size three

Perhaps you can now predict the values of E(f(f%)) and Var(f(S)) in terms of i and
o’ for samples of size three, or, equivalently, three dice throws. Let X(3) denote the
mean score o three dice throws,

Let X, X, and X, be the scores on the first, second and third throws respectively. Then
the mean X(3)= %(X] + X, +X5).

Again X(3) is a random variable because X,, X, and X; are random variables.
One possible value for X(3) is 2—;.

There are four different combinations of scores which give a mean score of 2 é they are
(11,5}, (1,2,4),(1,3,3) and (2,2,3). The combination (1,1,5) can occur in any of 3
different orders: (1,1,3), (1.5,1), (5,1,1); similatly (1,2,4) can occur in 6 orders:
(1,2,4),(1,4,2},(2.1,4),{2,4,1),(4,1,2),(4,2,1}; (1,3,3) can occur in 3 orders:
(1,3,3),(3,1,3),(3,3,1); and (2,2,3} can occur in 3 orders: (2,2,3),(2.3,2),(3,2,2).

From these results, you can see that

(=21}~ 3 6 L 3 L 3 15
P(X(3)=25)= f¢+ 586+ 216 * 235 = 2i¢ -
By considering all {xy,%;,x3) triples that give each of the 16 possible mean scores, you
can derive the probability distribution of X(3). This is given in Table 4.7. This is the
sampling distribution of the mean for samples of 3 throws of a fair dice,

Value, x P(f(?;) = x) Value, x P()?(‘ )= _‘C)

‘ 715 33 i

1y 25 4 26

E 18 41 6

2 1 43 26
23 o5 5 o
23 216 53 s

3 716 53 216
35 516 6 M

Table 4.7. Probability distribution of the mean score when three fair dice are thrown.

This distribution 1s illustrated in

Fig. 4.8. P(X(3)= 1)
From the symmetry of the distribution, 3%
the expected value, E()? (3)) , 18 again 1
3 % ‘ 216

1 2 3 4 5 6 %

Fig. 4.8. Bar chart showing the distribution of P(X(3) = x).
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The vanance is given by

Var(R(3) =1t (1) T (13) gt 63 1(33)

[ 2
(1+,. X 34 2 ><6+ +36) 'iiB (35)
= % {after some calculation).

So this time Var(X(3)) =
Tiy to prove this for all distribufions by using Equations 2.7 and 2.8,

The results for samples of size 2 and size 3 can be generalised for a sample of size n,to
y .

give E(E(n)) =i and Var(f(n)) =2 These result can be proved as follows.
fl

B(X) =E{ L0+ o 4.0 )|

i 1 1 o
=~E(X,)+—E(X,)+...+—E(X,)  (from Equation 2.7)
H fl n
Il [
=—f+—p+.. .+l
H n It

{
SRX-=
4]

Var{X(n)) = Var L(Xl + X, 4.t Xn))
n

— Var (X,) + Lz Var (Xz) +..+ J—; Var(X,) (from Equation 2.8)

I n n-
1 1 1
2 2 2
2_‘2‘6 +—-2"O' + ..+“"."2“O'
H n 1
2
1 , of
:HX‘““Q“O' =
] H

If a random sample consists of n observations of a random
variable X, and the mean X is found, then E‘,( {n ))

'7
and Var(X(n)] =, where u=FE(X) and o® = Var(X).
1]

s e e LT g
{-"«z@mﬁz&’% R e DR R st

Example 4.3.1
A biased coin for which the probability of turning up heads is j is spun 20 times. Let
X denote the mean number of heads per spin. Calculate E(X ) and Var()? ) .

The random variable X in this case represents the number of heads in one spin of
the coin. The distribution of X is given in the table.
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<
)
=
=
o
)

| —

i g e ,
{
H

The meanis u=E(X)=0x ; +1x % = % and the variance is given by

2 a 2
o zVar(X):O‘X%+IZ><%m(%) zg

Using the result in the box,

E(X(20))=u=% and Var(X(20)) === = 5 x =55
4.4 The central limit theorem

Fig. 4.9 compares the bar charts which were obtained in the previous section for the
distribution of the throw on a dice and the mean scores when 2 and 3 dice are thrown.

P(X=x)
t
;i_ |
T l T I T I T I T T T 1 -
l 2 3 4 5 6 X
P{X(2) = x)
5.
36
4.
6
a |
\6
T ll__l 1 LA | ! f \l""l“" e
1 2 3 4 3 6 X
I-‘(X’{Tv) =
27
6
o alll
20
T "1"'?"““L‘l" B R
12 3 4 5 6 X

Fig. 4.9, Figs. 4.3, 4.0 and 4 8 redrawn to compare them,

The distribution for a single throw is uniform whereas those for X(2) and for X(3) are
not. The distribution for X(2) has a ‘peak’ in the middle and the values in the céntre of
the interval, 3, 3% and 4, are more likely to occur than the other values. When thre;e
dice are thrown the central values occur even more often. In fact, the bar chart for X(3)
looks very similar to the graph of the normal distribution.

As n gets larger the distribution of X{n) gets more and more like a normal distribution.
Fig. 4.10 shows the result of a simulation using a computer spreadsheet for a sample of
size 50).
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Frequency #

FO0 -

140 -

1204

100 -

80

60 -

4) -

0 - T T ¥ T T T T T T T T T T T T B
“4‘2.6 28 30 32 14 16 18 40 42 44

“Mean score

Fig. 4.10. Diagram showing the frequency distribution of the mean of 50 throws of a fair dice for 1000
simulations on a spreadsheet.

If you have access fo a spreadsheet, you can try such a simulation for yourself. The shape
of the diagram becomes more clearly normal as lhe number of simulations /s increased.

So, from the examples you have considered, it would seem reasonable to conclude that
the distribution of X{n) is approximately normal for large values of #. From the

2
previous section, E(}_((n)) = {t and Var()?(n)) = g—.
n

These results are special cases of a more general theorem called the central limit theorem.

i‘% The central limit theorem  For any sequence of independent identically
% distributed random variables X, X,, ..., X, with finite mean 1t and non-zero
frsg variance ¢, then, provided r is sufficiently large, X has approximately a normal
& 5
B . . o = X +X+..+X
¢ ‘distribution with mean g and variance — , where X =~ 2 =
] n

()‘2

In symbols, X~N H,—
n
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Notice that the sample size a has been omitted from X because it is usually clear from
the context how large the sample is.

You may have been wondering just how large n has to be for the normal distribution to be
reasonably close to the distribution of X . Unfortunately there is no simple answer. It
depends on the distribuition of X itself. If the distribution of X has some of the features of
a normal distribution then n will probably not need to be very {arge at all. On the other
hand, if the distribution of X is very skewed then n might need to be quite large. In
solving problems you can usually judge whether it is appropriate to invoke the central limit
theorem. A sensible rule of thumb is to apply the theorem when # is greater than about 30,

. This theorem is a fundamental result in the theory of statistics and it explains why the
normal distribution is so widely studied. The essential point is that it does not matter
what distribution X, X,, ..., X, have individually: as long as they all have the same
distribution and are independent of one another, the distribution of the mean X will be
approximately normal as long as n is sufficiently large. The central limit theorem is too
complicated to prove rigorously here; however, the previous discussion of the mean
scores on one, two and three dice shows that the theorem is reasonable. The following
examples show how the theorem applies to other random vartables,

Example.4.4.1
A continuous random variable, X, has a probability density function, {x), given by

£(x) = 2x for0=x=|,
50 otherwise.

Find  (a) the mean, g, (b} the variance, o?, of this distribution.

A random sample of 100 observations is taken from this distribution, and the mean X is
found. Calculate the probability P(X < 0.68).

Using the definitions of the mean and variance,
I .
2 2 3 2 .
(8) =\ xx2xdx=1] 2x"dx= [ix ]0 =3 (from Equation 3.1).
: 0 0

| 3 2
(b) ¢ = J- x*x 2xdx ——(%) =J 2x7 dx — (%) {from Equation 3.2)

0 1]
Cf2 4 (NP0 4
—[1*‘ ]O“(i) “2797 18"
By the central limit theorem, the distribution of X is approximately N(%— ,ESLOO-) :
x_2
Standardising, using Z = —===, it follows that
1800
_ 0.68-2
P(X <0.68)=P| Z< —ff =P(Z <0565 68..)=0.7143
1800

=0.714, correct to 3 significant figures.
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Example 44.2

Forty students each threw a fair cubical dice 12 times. Each student then recorded the
number of times that a six occurred in their own 12 throws. The students’ lecturer then
calculated the mean number of sixes obtained per student. Find the probability that this
mean was over 2.2,

Let X; be the number of sixes obtained by student / for 1=1,2,...,40.

Each X; satisfies the conditions for a binomial distribution to apply. The
parameters of the binomial distribution in this case are n =12 and p = é .

Recall from S1 Section 8.3 that for a random variable X which has a binomial
distribution, E(X) = np and Var(X) = npq. So, in this case, E(X) =12 xé =2
and Var(X)= le%x % = %

3
Using the central limit theorem, X ~ N[2,~%] = N(Z‘“zlix‘) , approximately.

X represents the mean of 40 binomial variables, so it can be written in terms of

Xy Xoy ooy Xy as X = 5(X + X5+ 4 Xyg).

You want to find P()? > 2.2) .This can be written in terms of T, the total of the 40
variables, where T= X, + X, +...+ Xy .

P(}_( > 2_2) is equivalent to P(7">40x2.2), which is P(T > 88). However, T is

the total number of sixes gained in 480 throws of a fair dice, so T ~ B(480,%) .

From S1 Section 9.7, when you use a normal distribution to approximate to a
binomial distribution, you need a continuity correction, so P(T > 88) is
approximately equal to P(V > 88 +0.5), where V is the appropriate normal

approximation.

Expressing this in terms of X , you want P()? >22+ RJO)_

- So here, when it is applied to the mean, X , of a set of n discrete variables, the

| —

- Co
continuity correction is . rather than
ft

= S X-2
Standardising X using the usual equation gives Z = \/T ,80 Z ~N(0,1).
24

Then P(X >22+ ) =P(Z>02125/24) = P(Z>1.041..)

=1-O(1.041...)=0.1490...
=0.149, correct to 3 significant figures.
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Practical activities

1 Playing cards  Take a pack of playing cards and discard the picture cards, that ts
the jack, queen and king, of each suit. Shuffle the cards and deal out 10 of them.
Calculate the mean score by adding together the 10 face values and dividing by 10. Put
the 10 cards back in the pack and shuftle again. Deal out a further 10 cards and calculate
the mean score again. Repeat this to give 100 observations, each of which is the mean
score of f0 cards. Calculate the mean and the variance of these scores. Compare these
values with the ones you would expect from the theoretical results.

2 Central limit
This activity requires access (o a computer.
(a) Use a spreadsheet to produce a random number, r, between O and 1 in one cell.

{c} Repeat this in a large number of pairs of celis (say 500) to get 500 observations of #.

(d) Use your spreadsheet to draw a histogram of the values of n. This should give you a
U-shaped distribution.

{¢) Using a new spreadsheet caleulate 50 values of # using the same formula as in
part {b) and find their mean. Repeat this to get at least 100 means of 30 values of #n.

(f) Draw a histogram of these 100 means. You should be able to see that the distribution
of the means is not U-shaped like the original distribution. The distribution of the means
should more nearly resemble a normal distribution.

The distribution of X when X,,X,,..., X, have a N(u,6*} distribution

2

- . T - T . . g
The central limit theorem states that the distribution of X is approximately N{p,-——]
tt

when X, X,,..., X, are independent identically distributed random variables with
finite mean g and finite non-zero variance o It is necessary for the value of n to be
quite large for this approximation to be reasonable. However, if the distributions of
X..X5...., X, are independent N(Ju,o‘z) variables, then the distribution of X is

2
(62 . , . .
exactly N[,u,—J no matter what size n 1s. This result follows from the fact, stated in
n

Chapter 2, that linear combinations of normal variables have a normal distribution. The
result is used in Example 4.6.1.

Fxample 4.6.1

(a) The mass of a randomly chosen 15-year-old male student at a large secondary
school may be modelled by a normal distribution with mean 55 kg and standard
deviation 2.2 kg . Four students are chosen at random from this group. Calculate the
probability that the mean mass of the four students is '

(1) less than 58 kg,  (ii) between 52 kg and 575 kg.
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(b} A second sample of size n is chosen from the 15-year-old male students. How large
does n have to be for there to be at most a 2% chance that the mean mass of the sample
differs from the mean mass of the population by more than 0.6 kg?

Let M, M,, M; and M, be the masses of four randomly chosen students. Then
M, ~N(55.2.2%) for i=1,2,3,4.

— 227
Therefore M ~ N 55,—:— = N{55,1.21).

Note that, although » is very small, as the distribution for cach M, is normal the
mean of M is normal.

M —55

Standardise by letting Z = ,then Z ~ N(0,1).

35853

(a) () P(M <58)= P(Z < ) =P(Z<2.727..)

= M(2.727...) = 0.9968 = 0.997 correct to 3 significant figures.

52-~55 _ 575-55
LT

=d(2.272...) - D(-2.727..))
=0.9884 — (1~ 0.9968)
= (.985, correct to 3 significant figures.

(i) P(52< M <57.5)= P( ): P(-2.727...< Z<2272..)

{b) Let M, M,,..., M, be the masses of # randomly chosen students.

Then

n

2
M~ N[55,2'2 J
Then the minimum value of # is required for which
P(544< M <556)=098.

Standardising this gives

-0.6 0.6
Pl —=sZs —u |20098.
(2.2/& 2.2/«/5) ,

Expressing this in terms of the cumulative distribution function gives .

0.6 06 .
q)[z.z/\/éj_q{zz/ﬁ} =09%8.
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Therefore @ __0_6_:__ —il-® jﬁ—— = (.98,
22/n 22/n

Solving this gives (1)[

0.6
—— |=0.99.
22/%1]

= 07 (0.99).

Taking the inverse function

0.6
2.2/n

From the tables, this gives ———9-6— = 2.326.

2.2/n

Rearranging this equation gives Jn=8528....s0 n=727....

Since n must be an integer, it has to be greater than or equal to 73. So the sample
needs to contain at least 73 students for its mean mass to approximate the
population’s mean mass with the accuracy and certainty desired.

Exercise 4B

1 The random variable X has mean g and variance o2 . State whether or not each of the
following statements relating to the distribution of the mean X of a random sample of n
observations of X is true. Correct any false statement.

{a) The central limit theorem staes that X has a normal distribution for any distribution

of X.
2
- = a . R . -
(b) E(X ) =y and Var(X ) = —— are true for any distribution of X and any value of n.
n
(c) The central limit theorem states that the sample is normally distributed for large values
of n.

2
(d) If X~ N(;u,a?') then X ~ N[}u,g—-j only for large values of ».
n

2 Random samples of three are drawn from a population of beetles whose lengths have a
normal distribution with mean 2.4 cm and standard deviation 0.36 cm. The mean length X
is calculated for each sample.

{a) State the distribution of X , giving the values of its parameters.
(b) Find P{X >2.5).
State which of the numerical values above, if any, depend on the central limit theorem.

3 An unbiased dice is thrown once. Write down the probability distribution of the score X
and show that Var(X)= % .

The same dice is thrown 70 times.
(a) Find the probability that the mean score is less than 3.3.
(b) Find the probability that the total score exceeds 260.
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4

The masses of kilogram bags of flour produced in a factory have a normal distribution with
mean 1.005 kg and standard deviation 0.0082 kg. A shelf in a store is loaded with 22 of
these bags, assumed to be a random sample.

(a) Find the probability that a randomly chosen bag has mass less than 1 kg.
{b) Find the probability that the mean mass of the 22 bags is less than | kg.

State, giving a reason, which of the above answers would be little changed if the
distribution of masses were not normal.

A rectangular field is gridded into squares of side 1 m. At one time of the year the number
of snails in the field can be modelled by a Poisson distribution with mean 2.25 per m>.

(a) A random sample of 120 squares is observed and the number of snails in each square
counted. Find the probability that the sample mean number of snails is at most 2.5.

(b) Show that the probability of observing at least 200 snails in a random sample of 100
grid squares is approximately 95%. © ¥

The random variable X has a B{40,0.3) cl1str1but10n [‘he mean u! a random sample of n
observations of X is denoted by X . Find B ‘

(a) P(X = 13) when n =49, o 5% A

_{b) the smallest value of n for wh:ch P( 1’%) < 0 OOI MRS

10

11

N

"The proportion of fauIty pldstlc cups made bya tauory machine is 0.08. The cups,

including faulty ones, are packed in boxes of 100. About 4000 cups are required for an
outdoor concert and the manager orders 44 boxu. Find the pl()bdblilty that these boxes
will provide more thdn 4000 perfcct cups 6455 e

A liquid drug is mdrkctcd in phlals Contammg a nominal 1.5 ml but the amounts can vary

slightly. The volume in each phial may be modelled by a normal distribution with mean
[.55 ml and standard deviation ¢ ml. The phials are sold in packs of 5 randomly chosen
phials. It is required that in less than 21% of packs will the total volume of the drug be less
than 7.5 ml. Find the greatest possible valueof . . ~ . ¢

A goods lift can carry up to 3000 kg and is to be loaded with crates whose masses are
normally distributed with mean 79.2 kg and standard deviation 5.5 kg. Show that

(a) itis highly likely that the lift can take 62 randomly selected crates without being
overloaded,

(b) 65 randomly selected crates would almost certainly overload the lift.

A firm of caterers wishes to buy fruit juice for a wedding reception of 200 guests, They
estimate that, on average, each guest will drink 45 ¢l of juice. The volume of juice in the
bottles they buy may be assumed to have a distribution with mean 70.5 cl and standard
deviation 1.2 cl. Show that if they buy 128 bottles then the caterers can be more than 95%
certain that their requirements will be met. S ¢

'The mean of a random sampie of 500 observations of the random variable X, where

X ~ N(25,18) is denoted by X . Find the value of a for which P(X <a}=0.25.

Does your answer depend on the central limit theorem? = - 2~

AR

(_3 ‘
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]

= Miscellaneous exercise 4

Eggs sold in a supermarket are packed in boxes of 12. For each egg, the probability that it
is cracked is 0.05, independently of all other eggs. A random sample of 1 boxes is selected
and the variance of the sample mean number of cracked eggs in a box is 0.019. Find the
value of n. (OCR, adapted)

. 2 - . - -
2 The mean of a random sample of n observations drawn from a N(,u,o’") distribution is

e

denoted by X . Given that P{| X - ¢|>050) <005
(a) find the smallest value of n,
(b) with this value of n, find P(X < pu+0.10).

A botanist wishes to estimate the mean ¢ and standard deviation o of the depth of the soil
in a large rectangular field. Comment on the following methods of obtaining the sample
points.

{(a) The botanist stands at a point near the centre of the ficld, facing a particular direction,
and throws a stone over her shoulder. The sample point is where the stone lands. This
is repeated, changing the direction she faces.

(b) The botanist grids the field into metre squares and uses a table of random numbers to
.define a sample point at the centre of the square.

Assume that the botanist uses a suitable sampling procedure. She requires the sample mean

depth to differ from g by less than 10% of ¢ with probability at least 97-12-%. Find the

smallest sample size that she will have to obtain.

4 The time T hours taken to repair a picce of equipment has a probability density function

which may be modetled by p_..‘f/\ ®.
24 w
=2 1sr=2, G
f() =147, e
0 otherwise. s
(a) Find E(7T) and Var(T). 5 A

(b) T denotes the mean of 30 randomly chosen repairs. Assuming that the central limit
theorem holds, estimate P(T < 1.2). -

State, giving a reason, whether your answer has little error or considerable error.

A machine is set to produce ball-bearings with mean diameter 1.2 cm. Each day a random
sample of 50 ball-bearings is selected and the diameters accurately measured. If the sample
mean diameter lies outside the range 1.18 cm to 1.22 cm then it will be taken as evidence
that the mean diameter of the ball-bearings produced is not 1.2 cm. The machine will then
be stopped and adjustments made to it. Assuming that the diameters have standard
deviation 0.075 cm, find the probability that

(a) the machine is stopped unnecessarily, .=~ - ;2.

(b) the machine is not stopped when the mean diameter of the ball-bearings is 1.15 cm..
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6 ‘The number of night calls to a fire station serving a small town can be madelled bya
Poisson distribution with mean 2.7 calls per night.

(a) State the expectation and variance of the mean number of night calls over a period of
n nights.

(b) Estimate the probability that during a given year of 365 days the total number of night
calls will exceed 1050, < &1 5

7 It may be assumed that the breaking strength of paving slabs in public areas is normally
distributed with mean 50 units and standard deviation 8 units. Random samples of n
paving slabs are taken and the mean breaking strength is denoted by X .

(a) State the distribution of X , giving its mean and variance.

{b} Find the probability that X exceeds 54 inthe case n=25. » 2057

(¢) Find the smallest sample size if the probability that X exceeds 54 units is less than
001, »= + v

ff it were not known that the distribution of breaking strengths is normal, what can be said
about the form of the distribution of X in the case when # is large and also in the case
when # is small? (OCR, adapted)

8 A random sample of 2n observations is taken of the random variable X ~ B{n, p) and
p>0.5. The sample mean is denoted by X | It is given that Var(}?) =008 and %‘()?) =64,

In

(2) Findthe valuesof pand n. p=0- 8 w- &0
(b} Find P(X >64.5). o O 357

9 The life of Powerlong batterics, sold in packs of 6, may be assumed to have a normal
distribution with mean 32 hours and standard deviation ¢ hours. Find the value of ¢ so
that for onc box in 100 {on average) the mean life of the batteries is less than 30 hours, o =

10 The number of tickets sold cach day at a city railway station has mean 512 and variance
1600. For a randomly chosen period of 60 days, find the probability that the total number
of tickets sold is less than 30 000, o - < '™ ¢

11 The mean of 64 observations of a random variable X, where E(X)=9 and Var(X)=4,is
denoted by X . Find limits within which X lies with probability 0.96.
Chebychev’s inequality states that, if ¥ has any distribution with mean g and variance

o2, then P([Y—u|<ka);1-ki2 for k=1,

Use Chebychev’s inequality to find another pair of limits for X . Comment on these limits
in relation to those already found.

R O A P e e T T
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Estimation

This chapter looks at what you can deduce about a population from a sample. When you
have completed it you should

e understand the term ‘unbiased’ with reference to an estimator of the mean or variance of
a sample and be able to calculate unbiased estimates of the population mean and
variance from a sample

+  be able to determine a confidence interval for a population mean in the case when the
population is normally distributed or where a large sample is used

*  be able to determine, from a large sample, an approximate confidence interval for a
population proportion,

tnbiased estimates

COne of the main aims in the study of statistics is to be able to estimate the value of
population parameters without going to the trouble of taking a census,

Consider the example of a hospital administrator who is concerned that the hospital
sometimes does not have enough beds to cater for all of its patients. She wants to
estirnate 4, the mean time for which a patient stays in a hospital bed during a particular
week, She takes a random sample of the patients who are admitted during that week and
records the length of time, in days, for which each patient in the sample stays in
hospital. She must now consider how to use the data that she has collected in order to
estimate 2. For example, suppose she has collected the times for 10 patients. The
results might be something like

7,5.5,9,3,11,6,4,2,20.

What calculation should she carry out on these values to estimate (7 You may think that
the answer is obvious. It makes sense to estimate ¢ by taking the mean of the sample. So
in this case the estimate of g would be :l% =7.2. But is this the only sensible estimate that
can be made from these data? What would be wrong, for instance, with taking the first
time, 7 days, as an estimate of 17 It may be that the real mean, p, is nearer to 7 than to
7.2. It is clear that you need a strategy for deciding which method is better.

To make a decision you need to think in detail about what the administrator is trying to
do. Imagine that she has not yet taken her sample of 10 times. So at present the times are
random variables because it is not ¢ertain which patients she will choose. Suppose that
you call these random variables X, X,,..., X . Two possible methods for estimating

i have been suggested.

Method 1  Use the mean of the 10 sample values, Call this value M,. Then
M, = (X, + X, +...+ X;p). Recall that this may also be called X .

Method 2  Use the first value selected. Call this value M,.So M, = X|.

The values obtained in these ways are themselves random variables and are usually called
estimators. The value that an estimator gives for a particular sample is called an estimate.
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it shouid be clear that X,,X,..., X, all have the same distribution as X, soeach
variable also has the expected value . You saw in Section 43 that if X,, X,, ..., X,, is

a set of random variables with the same mean, i, then E(X) =,
Therefore, for both of the suggested methods, E{M|} = E(M,) = u.

What exactly does this statement tell you? It says that, if you took all possible samples
of size 10 and calculated the value of M| for each sample. then the mean of these values
would be equal to 1, the quantity that the administrator is trying to estimate. The same
is true of M, . This means that both estimators are unbiased.

For an unknown population parameter ¢ , the estimator

M is unbiased if E(M) =« , where the expected valuc
is taken over all possible samples of a given size.

Fig. 5.1 represents a way of understanding the

. . . . . . [
tdea of unbiasedness. The line is the real
. ——eee W PP
number line and the crosses represent the
values which an estimator gives for cach Fig. 5.1. Representation of unbinsedness.

sample of a population. If the estimator is
unbiased then the mean value of all the points represented by the crosses will be the
population parameter o .

Clearly you want an estimator to be unbiased because when this is the case the
parameter of interest, «, is in effect the ‘focus’ of all the possible values that the
estimator can take. Of course, this is only of theoretical importance here because the
administrator has only one sample, and since both estimators are unbiased she needs
some other means of deciding which estimator is the better one.

Suppose that the variance of X, is denoted by ¢*. Then Xy, X4,..., X, also have
variance o .

If the number of patients in the hospital during the week is a large number then you can
assume that the distributions of X, X,,..., X}y are independent. You saw in Section 4.3
that under these conditions Var(X) = T%GZ .

This means that the estimates found from M, = X will on average be closer to 4 than
those found from M, = X, . Fig. 5.2 shows a comparison between the two estimators.

V. /
M, sesct-se— Yoot M, x s>

Fig. 5 2. Closer estimates are found by larger samples.

You can see that the crosses are clustered more closely around 1 in the first case. This
confirms what you may have guessed from the start: it is better to use the estimator

M, = X because it uses all of the information in the sample whereas using only

M, = X, discards 90% of the information gained by taking the sample.
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In general it can be shown that X is always an unbiased estimator of 4. In other words,
a sensible method of estimating the population mean is to take a random sample and use
its mean as the estimate.

So is this true of all population parameters? To cstimate the median of a population
would you take the median of a random sample, or to estimate the mode of a population
would you take the mode of a random sample? The previous example would seem to
suggest that this is a sensible procedure, but consider the following example.

Example 5.1.1

A jar contains a very large number of small discs, 90% of which have the number 0
written on them and the remaining 10% of which have the number | on them. Luc does
not know what numbers are written on the discs. He takes a random sample of two discs
from the jar. Luc wishes to estimate the largest number written on any disc in the jar. He
decides that his method of estimating the maximum will be o take the larger of the
numbers on the two discs in his sample. If both discs have the same number written on
them then he takes that value as his estimate of the maximum. Decide whether the
proposed method gives an unbiased estimator of the population maximum.

Let the maximum value in the sample be M.

Luc’s method is to take the sample maximum, M, as an estimator of the population
maximum. Table 5.3 gives all possible sumples of size two and the value of M for
each sample together with the probability of that sample being chosen.

Since the jar is said to contain a large number of discs it 1s reasonable to suppose
that the chances of sclecting a 0 or 1 rernain constant for each selection.

Sample values  m, Value of M Probability

0.0 0 09x09 =081

0,1 l 0.9x0.1=0.09
1,0 i 0.1x09=009
1

[, 1 0.1x0.1=00!

Tabte 5.3. Possible sample values for a sample of size two.

The probability distribution for M is given in Table 5.4.

Value, m 0 1
P(M =m) - 0.81 0.19

Table 5.4. Probability distsibution for M.
Therefore E(M)=0x0.81+1x0.19=0.19.

But the population maximum is 1 and so the sample maximum, which 1s Luc’s
estimator, underestimates the population maximum on average. Therefore the
sample maximum is a biased estimator of the population maximum.
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You have now seen that it is not always sensible to use the sample version of a statistic
as an estimator of the population version of the same statistic. There is a particularly
important case where this warning applics. The case in question is the estimation of
popuiation variance. Consider the following example.

Example 5.1.2
A jar contains a large number of small discs, 40% of which are numbered 1, 40%
numbered 2 and 20% numbered 3. A random sample of size three is taken from the Jar,
By considering all possible values for samples of size three, determine whether the
variance of the sample is an unbiased estimator of the variance of the population.

The mean of the population is

H=1x04+2x0443%x02=18.

The variance of the population is

62 =1>%x04+22x04+3*x02-18%

=(.56.

Consider the possible values of samples of size three. One such sample value is 1, 1, 2.

' 2
The variance of this sample is -;-_(l2 +10 4 22) - (4) =z

The chance of selecting this particular sample is 0.4 x 0.4 x 0.4 = 0,064 .

3 G-

You can repeat this calculation for all 27 possible sample values. Table 5.5, below
and on the next page, shows all possible sample values. It also shows the sample

variance, V', and the probability of selecting that particular sample.

1, 1,1
2,2,2
3,3,3
[,1,2
21,1
1,2,1
1,2,2
2,12
2,2,1
1,1,3
1,3,1
3,1,1
1,3,3

Sample values

Variance

0

000\ 00 D] 00D NS I BB D I Dl B S N O

Probability
0.4 = 0064
04 =0.064
0.2° =0.008
0.4% = 0.064
0.47 = 0.064
04° =0.064
0.4° = 0064
04° = 0064
0.4° =0.064

047 x0.2=0.032
04% %02 =0032
04?%x02=0032
04x02%=0016
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Sample values Variance Probability
31,3 : 0.4x02% =0016
3.3, 1 5 04x02% =0.016
2,2,3 : 042 x02=0032
2.3,2 : 04> x02=0032
3,2,2 : 047 x02=0.032
2,3,3 5 04x02°=0016
3,2,3 5 04x02*=0016
3,3,2 5 04x02>=0016
1.2.3 5 0.4%x02=0032
1.3,2 g 0.4% x02 = 0032
2,13 g 0.4* x02=0032
2,31 6 0.42 02 =0032
3, 1,2 g 04" x0.2=0032
3,2,1 6 042 x02=0032

Table 5.5. Possible sample values and sample variance for a sample of size three.

From this table you can construct the probability distribution of 'V, as in Table 5.6.

Value, v 0 % 8 ﬁ

P(V =v)} 0.136 0.528 0.192 0.144

Table 5.6. Probability distribution table for V.

Now E(V)=0x0.136+2x0.528+ §%0.192+ §x0.144=03733. ..

Naotice that E(V) is not equal to 0.536. This means that V, the sample variance, is a
biased estimator of the population variance.

It is possible, however, to modify the sample statistic V in order to obtain an unbiased

estimator.

As a start, check that in the example above E(V)= %x0.56. This is an instance of a
general rale. _

GHEISINER

& . b

5 + . . H
If V is the sample variance of a sample of size n taken 5

#  from a population with an unknown variance o, then 2

g :

|




30 STATISTICS 2 www.gceguide.com

Given this general rule and with a little thought about the meaning of expectation you

v
should be able to see that E[L) =g,
n-—

This means that

VH{X12+X?_2+...+X,,2Jm5(—g
n

is a biased estimator of &2, but that

V. oon ((X12+X22+...+X"2J_)~{2)
n

n—t n-—|
is an unbiased cstimator of G*.

XA+ X0 4+ X2

H

The expression i E ([ }- }?EJ is usually denoted by S, or by G/Z
-

The expression for §% can be written in 2. -notation as

a1 n -1

SR - I

Substituting X =

gives
1

e e 2

n-1 n—1

X o, 1 -
Recall that in S| Section 3.7 you saw that 2 X*==3(x~X)*. Using this
A n

substitution in the previous equation you can define §° alternatively as

52=L(12(X~2)2): LY (x-XP

n—1lyn A

A proof of this result is given in Section 5.2.

The following is a summary of the methods for obtaining unbiased estimates of the

mean and variance of a population from sample values x, x,,..., x,.
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If you take a random sample with values x,, x,,...., x, from a population,

an unbiased estimate of the mean, g, of the population is the sample mean,

. . - - 2 . -
an unbiased estimate of the variance, o~ of the population is

Notice that the upper-case letters X,, X,,..., X, and .S have been replaced here by
lower-case letters x,, x,,..., X, and 5 because the definition refers to a sct of sample
values which you have actually obtained.

You now know two different formulae for variance: the formula from S1 Chapter 3,

24‘52 =2

. . 1 2
X or its equivalent = (x-%)",
n n

and the formula that was just derived,

. 2
52 L 2—@ ﬁn—l_iz(,!:mf\?)z.

n—1 n

You do not have a choice, however, about which formula to use in a given situation. The
context of your calculation will determine which formula you must use.

If the values x,, x,,..., X, represent the whole population, that is all the values

of interest, and you wish to calculate the variance of that population, then use

2 Exz -2 . . i _.2
G- = — %% or its equivalent =Y (x-X)".
n n

If, on the other hand, you are trying to estimate the variance of a larger
popuiation from which the values x;, x,,..., x, are a sample, then use

Most calculators have separate keys for these fwo different variances.

If the sample values are given as grouped data, an unbiased estimate of the population
variance is given by

2 1 zxzf_(fof

T >f
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Example 5.1.3
(@) Nine CDs were played and the playing time of each CD was recorded. The times, in
minutes, are given below.

49, 56, 55, 68, 61, 57, 06,

LN

2, 63
Find the mean playing time of the nine CDs and the variance of the playing times.

(b) A student was doing a project on the playing times of CDs. She wished to estimate
the mean playing time for CDs sold throughout the country and she wished also to
estimate the variance of playing times of CDs sold throughout the country. She took a
sample of nine CDs and recorded their playing times. The results are given below.

49, 56, 55, 6§, 61, 57, ol, 352, 63
(1} Use the student’s data to estimate the mean playing time for CDs sold in the country.

(it) Use the student’s data to estimate the variance of the playing times of CDs sold in
the country.

Notice that the two parts, (a) and (b) look very similar. However in part (a) you
are only interested in the playing times of the nine CDs which have been selected.
In part (b) you wish to make estimates of population parameters from the sample
data that you have been given,

(a) ¥= -(lj {49456 +...+63) =58, s0 the mean is 58 minutes.

2.x

f
=304...,

il

~ ¥ =497 + 567 + ...+ 637) - 587

Varitance =

. . .2 -~ - o .
so the variance is 304 min~, correct to 3 significant figures,
(b} In this part you are estimating the mean and variance of the population.

(i) Recall that the unbiased estimator of the population mean, i, is the mean of
the sample ¥, so the estimate of u will be 58 minutes.

(it) To obtain an unbiased estimate of o, you need to use st=

Ly

n—1

(49+56+...+63)°

9
= 34.25 =343, correct to 3 significant figures.

s :n—l--(zw2 +56% + ...+ 637} -
9—1

In the next example you are not given individual data values for the sample. Instead the
data are summarised in a grouped frequency table.
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Example 5.14

A fishing crew recorded the masses in kilograms of 200 fish of a particular species that
were caught on their trawler. The tesuits are summiarised in the table below. The weights
given are mid-class values.

Weight of fish (kg) 05 125175225275 35 45 535 70 105
Number of fish in class 21 32 33 24 18 21 16 12 11 12

Assuming that these fish are a random sample from the population of this species, estimate
(a) the mean mass, in kilograms, of a fish of this species,
(b) the variance of masses of fish of this species.

Weight of fish, ~ Number of f xtf
x (kg) fish in
{mid-class value) class, f B L

0.5 21 10.5 5.25
1.25 32 40 50
1.75 33 5775 101.0...
2.25 24 54 121.5
2.75 18 49.5 136.1...
35 21 73.5 2572...
4.5 16 72 324
5.5 12 66 363
7 11 77 539

0.5 12 126 1323

Totat 200 626.25 3220.1875

(a) To find the mean_of the sample use the formula

. Xxf 62625
TS T 00

Since the sample mean is an unbiased estimator of the population mean, you can
take this value as the estimate of the mean mass of all fish of this species.

=3.131 25, so the sample mean is 3.131 25kg.

Therefore the estimate of the mean mass of fish of this species is 3.131 kg.

(b) An unbiased estimate of the population variance is given by

e (Z K ‘(zz? ]

1 626.25°
2001

[3220.1875~ ]= 6.327...

= 6.33, correct to 3 significant figures.
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=12
2% Proof that §* zM

n is an unbiased estimator of -
n-

You may omit this section if you wish.

Let n mdependent observations be made of a random variable, X, with mean u and
variance o

SE:Z(X"_}_()Z ”&][ZXS MIJ ”_I(sz—nx)

n-| H

Consider
E(X X? ~nX")=B(X,2) + E(X,2)+ ..+ B(X,) - nE(X?)
=nE(X?)-nE(X?). (5.1)

Now Var(X)=o’= E(Xz)~(}3()())2 = E(Xz)-‘uz, S0

E(X*) =0 +p’. (52)
As X has mean 1 and variance ‘:: ,

Var(X)=E (%) -(5(X))’ = T-=r ()
giving

E(Ez):giw?. (53)

#
Substituting from Equations 5.2 and 5.3 into Equation 5.1 gives

2

2 v e le? e Y el O 2 | o
E(Z_X,- -nX )mn(()“ + 4 ) r{ —tu ] (n~Do*.

7
So E( ) [ (ZX -nX’ )) 2 and §? :M is an hnbiased

n-
estimator of &2,

RsesssenTEsessms Exercise 5A

1 A random sample of 10 people working for a certain company with 4000 employees are
asked, at the end of a day, how much they had spent on lunch that day. The results in $ are
as follows.

198  1.84 175 194 1.56  1.88 105 2.0 185 235

Calculate unbiased estimates of the mean and variance of the amounts spent on lunch that
day by all workers employed by the company.
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2

The diameters of 20 randomly chosen plastic doorknobs of a certain make were measured.
The results, x cm, are summarised by Z,r =102.3 and sz =523.54. Find

(a) the variance of the diameters in the sample,

(b) an unbiased estimate of the variance of the diameters of all knobs produced.

The number of vehicle accidents occurring cach day along a long stretch of a particular
road was monitored for a period of 100 randomly chosen days. The results are summarised
in the following table.

Number of accidents 0 1 2 3 4 5 8
Number of days g8 12 27 35 13 4 1

(a) Find unbiased estimates of the mean and variance of the daily number of accidents.

(b) Estimate the probability that the mean number of accidents per day over a period of a
month of 30 days is greater than 2.7,

Give a reason why your estimate in part (b) may be considerably in error.

A random sample of 150 pebbles was collected from a beach. The masses of the pebbles,
correct to the nearest gram, are summarised in the following grouped frequency table.

Mass (g 10-19  20-29 30-39 40-49 50-39 60-69

70-79  80-89

Frequency t 4 22 40 49 28 4 2

(a) Find, to 3 decimal places, unbiased estimates of the mean and variance of the masses
of all the pebbles on the beach.

(b) Lstimate the probability that the mean mass of a random sample of 40 pebbles from
the same beach is less than 50 g. Give your answer correct to 2 decimal places, o~ = 71

Unbiased estimates of the mean and variance of a population, based on a random sample of
24 observations, are 5.5 and 2.42 respectively. Another random observation ot 8.0 is
obtained. Find new unbiased estimates of the mean and variance with this new information.

Assuming that the sample mean has a normal distribution, estimate the probability that a
sample mean based on a sample size of 25 is within 0.01 of the population mean. Explain
why your answer is only an estimate.

Thirty oranges are chosen at random from a large box of oranges. Their masses,
X grams, are surmmarised by z x=3033 and z:cz =306 676, Find, o0 4 significant
figures, unbiased estimates for the mean and variance of the mass of an orange in the box.

The oranges are packed in bags of 10 in a shop and the shopkeeper told customers that
most bags weigh more than a kilogram. Show that the shopkeeper’s statement is correct
indicating any necessary assurmption made in your calculation.

i
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The concept of a confidence interval

In Section 5.1 you learnt that the mean, X , of a random sample is an unbiased estimator
of the population mean, . For example, to estimate the mean amount of pocket money
received by all the children in a primary school you could take a random sample of the
children and ask each child how much pocket money he or she receives. Suppose you
find that Zx =111.30 for a random sample of 30 children, where x is measured in
dollars. Then an unbiased estimate of the population mean, p, is given by

f:*z——{-—-——“ L.30 =2.23.
fl 50

Such a value is sometimes called a point estimate because it gives an estimate of the
population mean in the form of a single value or ‘point’ on a number line. Such values are
useful, for example, in comparing populations. However, since X is a random variable, the
value which it takes will vary from sample to sample. As a result you have no idea how close
to the actual population mean a point estimate is likely to be. The purpose of a “confidence
terval’ is to give an estimate in a form which also indicates the estimate’s likely accuracy.
A confidence interval for the mean is a range of values which has a given probability of
‘trapping’ the population mean. It is usually taken to be symmetrical about the sample mean.
So, if the sample mean takes the value X, the associated confidence interval would be

[X¥ —¢,X + <] where ¢ 1s a number whose value has yet to be found.

Notice the nolation for an interval winch is being used. The interval [X — ¢, X + c| means
the real numbers from X —c to X + ¢, including the end-pomts. For example, {-2.1,6.8]

means real numbers y such that ~2.1=< y < 0.8.

In Fig. 5.7 the samplc mcan X takes a value X, and the
confidence interval covers the range of values [%, ~¢,%, +c].
In this case the confidence interval traps the population

mean, i, For a different sample, with a different sample mean,
X, , the confidence interval might not trap 4. This situation is
illustrated in Fig. 5.8,

The end-points of the confidence interval are themselves
random variables since they vary from sample to sample. They
can be written as X — ¢ and X +c¢. You can see from Fig. 5.7
and Fig. 5.8 that the confidence interval will trap g if the
difference between the sample mean and the population mean is
less than or equal to ¢. Expressed algebraically this condition is
| X—ul=ec. |

The next section explains how the value of ¢ is chosen so as to

give a specified probability that the confidence interval traps 4.

Calculating a confidence interval

e —
toot T i
xI-c X B Xte

Fig. 5.7. Confidence interval
which traps the population mean
7

-

TTTT

X;—¢ Xy I+

Fig. 3.8. Confidence interval
which does not trap the pepulation
mean 4.

Consider the following situation. The masses of tablets produced by a machine are
known to be distributed normally with a standard deviation of 0.012 g. The mean mass
of the tablets produced is monitored at regular intervals by taking a sample of 25 tablets

and calculating the sample mean, X.
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Suppose you wish to find an interval which has a 95% probability of trapping the

population mean, . The mass, X (in grams), of a single tablet is distributed normally
with unknown mean u and standard deviation 0.012; that is, X ~ N(‘u.O.OI22). So, for
0012

a sample of size 25, X ~ N[p, } (sec Section 4.6).
Using the notation of Section 5.3, the population

mean is trapped in the interval [)? -, X+ {f]. where

¢ is a constant, if | X — gt| < ¢. The interval has a
probability of 95% of trapping the population mean

if, and only if, P{| X ~ u| < ¢)=095.

~ly

1
Fig. 5.9 shows the sampling distribution of X with Fig. 5.9 Diagram to illustrate
this probability indicated. The value of ¢ is found by l’ﬁ X-pl= c] = 0.95.
_ Y
standardising IX - ,u| to give Z = .
\[9.0 12
where Z ~ N{0,1). Y 25

Fig. 3.10 shows the distribution of Z with the
probability of 0.95 indicated. The unshaded arcas

cach have probability %X 0.05=0.025 (see also Fig. 5.10. Stanclardisation of Fig. 5.9.

Fig. 5.13 on page 90). Theretfore the value of z in

this diagram is given by ®(z) = 0.975. This could be found using the normal
distribution tables ‘in reverse’, but it is convenient to use the ‘critical values® table at the
bottom of page 165. Taking p =0.975 gives 7 =1.96.

Thus 1.06 = -kt =X_‘u.Butf~)u:c,so
J 00122 0012
25 V25
1.96 = e 5.4)
T 012 (>
V25
0012

giving ¢ = 1.96 —=— = 0.004 70 to 3 significant figures.
) g \[5‘5 )

So the interval which has a 95% probability of trapping pt is [X —0.0047,X +0.0047].

Suppose that you took a sample of 25 tablets and found that the mean mass was, for
example, 0.5642 ¢. This sample mean would give a value for the interval of
[0.5642 —0.0047,0.5642 -+ 0.0047], which is [0.5595,0.5689]. Such an interval is
called a 95% confidence interval for the population mean.
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It is important to realise that such a confidence interval may Or may not trap #,
depending on the value of X. Suppose, for a moment, that you know the value of y and
you take a number of different samples of 23 tablets. Fig. 5.11 shows confidence
intervals calculated in the way described above for 30 different samples of 25 tablets.

The majority of the confidence x —
intervals trap 4 but a few - -
{marked *) do not. On average, the R
proportion of 95% confidence
intervals which trap # is 95%. In * =
practice, of course, you do not
know u and would usually take
only one sample and from it
calculate one confidence interval.
In this situation, you cannot know
whether your particular confidence
interval does include g all you can say is that, on average, 95 times out of 100 it will
contain fi.

Fig. 5.11.95% confidence intervals calcuiated from 30 random
samples.

The method which has been described for finding a 95% confidence interval for the
mean can be generalised to a sample of size n from a normal population with standard
deviation o . Replacing 25 by n and 0.012 by o in Equation 5 4 gives

1 96 =~
g

Vn

. . . c
which, on rearranging, gives ¢ = 1.96—,
N a

Given a sample of size n from a normal population with variance
2 . . . . .
o, a 95% confidence interval for the population mean is given by

[s)
X—-196—
[‘ p

where X is the sample mean.

, f+1,96%} (5.5)

Computer activity

This activity requires access to a computer.

Make a spreadsheet containing 500 samples of size 23 from a population which is
distributed as N(0.56,0.0122) . Using the facilities of the spreadsheet, calculate the 95%
confidence interval for the mean for each sample. How many of these confidence
intervals trap the population mean, 0.567 {Your answer should be reasonably close to
475. Why?) Explain why your answer need not necessarily be 475 exactly.
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Example 54.1

The lengths of nails produced by a machine are known to be distributed normally with
mean p# mm and standard deviation 0.7 mm. The lengths, in mm, of a random sample of
5 nails are 107.29, 106.56, 105.94, 106 .99, 106.47.

{(a) Calculate a symmetric 95% confidence interval for g, giving the end-points correct
te 1 decimal place.

(b} Two hundred random sampies of 5 nails are taken and a symmetric 93% confidence
interval for u is calculated for each sample. Find the expected number of intervals
which do not contain .

(2) The mean of the sample is given by

} .
. 107.29+106.56+1055.94+ 106.99 + 10647 = 106.65.

Substituting this value of ¥ together with ¢ =0.7 and =3 into Equation 3.5
gives a symmetric 95% confidence interval for g of

0.7 0.7
106.65—1.96 =, 106.65+1.96 % |,
[ Js ﬁ]

which, on simplifying, gives [106.036...,107.263...]. So, to | decimal place, the
symmetric 95% confidence interval for g, measured in mm, is [106.0,107.3].

(b) On average, 95% of the confidence intervals should include g. This means
that 5% will not include 4. So out of 200 confidence intervals you would expect
200 % 5% = 10 not to include .

Example 5.4.2

For a method of measuring the velocity of sound in air, the results of repeated
experiments are known to be distributed normally with standard deviation 6 m sTUA
number of measurements are made using this method, and from these measurements a
symmetric 95% confidence interval for the velocity of sound in air is caleulated. Find
the width of this confidence interval for  (a) 4, (b} 36 measurements.

o

Vn

o

T

A symmetric 95% confidence interval extends from ¥ ~1.96— to x +1.96

i o c o
so its width is ¥ +1.96 -~ i—l.96—)—2><1.96~w.
Vn [ Vn Jn

In this example o = 6, so the width of the confidence interval is 2 x 1.96~£— = B2 .

7 in

23,
(a) For n =4, the width of the confidence interval is \/.22 =11.76.

2352

36

Nots that nine times as marny measurements are required o reduce the width of the
confidence inferval by a factor of 3.

(b) For n =36, the width of the confidence interval is =392.
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Different levels of confidence

As BExample 5.4.1 makes clear, there is a probability of 5 in 100 that a 95% confidence
interval does not include u. There are circumstances in which yoeu may wish to be more
certain that the confidence interval which you have calculated does include 4. For
example, you may wish to be 99% certain. Fig. 5.12 is the diagram corresponding to
Fig. 5.9 for this situation. The only difference in the calculation of the confidence
interval is that a different value of z is needed. In this case ®(z) = 0.995, giving

2= 2.576, s0 that the 99% confidence interval for the mean is given by

o e
X-2576—, ¥+2.576 = |.
[ Jn JI}

Note that this 99% confidence interval is
wider than the 95% confidence interval:
this is to be expected since it is more
likely to trap u than the 95% interval. If
you want a 90% confidence nterval, then
the appropriate value of z is that value
for which ®(z) =095 giving z =1.645 Fig. 5.12. Diagram 1o illustrate P(l X-p | = c) = (.09,
and the confidence interval is narrower.

You can sce that there is a balance

between precision and certainty: if you

increase one you decrease the other. In order to increase both the precision and the
certainty of a confidence interval you have to increase the sample size.

=iy

In general, a 100(1 - &)% confidence interval for the population mean for a

sample of size n taken from a normal population with variance ¢? is given by

g
=, X L=, 5.6
T \r1 6o

where ¥ is the sample mean and the value of z-is such that ®(z)=1—

The relationship between o and z is illustrated in Fig. 5.13.

Fig. 5.13. Diagram to illustrate the relationship between critical values and
confidence intervals.
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Example 5.5.1

The measurement error made in measuring the concentration in parts per million (ppm)
of nitrate ions in water by a particular method is known to be distributed normally with
mean 0 and standard deviation 0.05.

fa) If 10 measurements on a specimen gave zx =11.37 ppm, determine a symmetric
99.5% confidence interval for the true concentration, i, of nitrate ions in the specimen,
giving the end-points of the interval correct to 2 decimal places.

(b) How many measurements would be required in order to reduce the width of this
interval to 0.03 ppm at most?

(a) The measured value, X, of the nitrate ion concentration is equal to 4 +Y
where ¥ is the measurement error. Thus
E(X)=E(u+Y)=p+EXY)=u+0=ypu (using Equation 2.1)
and  Var(X)=Var(i+Y)}= Var(¥) (using Equation 2.2)
= 0.05%
This means that X ~ N([.L,U.()Sz). For a 99.5% confidence interval, 1 -a =0995 s0
o =0.003 and % o =00025. Thus ®{z) =1~ La =1 -0.0025=09975. From the

table at the bottom of page 165, taking p = 0.9975 gives z =2.807. S0 0 99.5%
confidence interval for g is

o G (137 005 11.37 0.05
¥ 2807 2. ¥4+ 2807 = | = | —0 2 807 =, —e + 2 BT~
[ Jn \/;j| [ 10 Jio® 10 «/10}

=[1.092...,1.181.. ]
=[1.09,1.18], correct to 2 decimal places.

0.05
(b) The 99.5% confidence interval for a sample of size n has width 2x 2807 —=.

Yn

. . . 0.05
For this width to be at most 0.03, 2x 2807 — = 0.03.

n
Rearranging gives

- _ 2x2807x0.05

=2

, so n=875._..
0.03

Since n must be an integer, 88 or moré measurements are required to give a
confidence interval of width 0.03 ppm at most. '

Exercise 5B

1 Bags of sugar have masses which are distributed normally with mean g grams and
“standard deviation 4.6 grams. The sugar in each of a random sample of 5 bags taken from a
production line is weighed, with the following results, in grams. .

Ton - 'j"-'fb
4982 501.3 503.7 496.8 5023 ey T e (7 )
IO T e Ty

Calculate a symmetric 95% confidence interval for g, nGo$ 3o 15
If 2 95% symmetric confidence interval for g was calculated for each of 200 samples of 5
bags, how many of the confidence intervals would be expected to contain ft?



The volume of milk in litre cartons filled by a machine has a normal distribution with mean
4 litres and standard deviation 0.05 litres. A random sample of 25 cartons was selected and
the contents, x litres, measured. The results are summarised by Z.‘C =25.11. Calculate

(a) asymmeiric 98% confidence interval for u,
Y

(b} the width of a symmetric 90% confidence interval for p based on the volume of milk
in a random sample of 30 cartons.

The random variable X has a normal distribution with mean y and variance ¢2. A
symmetric 90% confidence interval for u based on a random sample of 16 observations of
X has width 4.24. Find

A{a) the value of o,

{b) the width of a symmetric 90% confidence interval for u based on a random sample of
4 obscrvations of X,

{¢) the width of a symmetric 95% confidence intervat for g based on a random sample of
4 observations of X,

In a particular country the heights of fully-grown males may be modelled by a normal
distribution with mean 178 cm and standard deviation 7.5 em. The 11 male (Fully-grown)
biology students present at a university seminar had a mean height of 175.2 cm. Assuming
a standard deviation of 7.5 cm, and stating any further assumption, calculate a symmetric
99% confidence interval for the mean height of all fully-grown male biology students.

Daocs the confidence interval suggest that fully-grown male biology students have a
different mean height from 178 cm?

A machine is designed to produce metal rods of length 5 cm. In fact, the lengths are

distributed normally with mean 5.00 cm and standard deviation 0.032 cm. The machine is

moved to a new site and, in order to check whether or not the mean length has altered, the

lengths of a random sample of § rods are measured. The results, in cm, are as follows.
307 495 4908 506 513 505 498 506

(a) Assuming that the standard deviation is unchanged, calculate a symmetric 95%

confidence interval for the mean length of the rods produced by the machine in its new _

position.

{b) State, giving a reason, whether you consider that the mean length has changed.

A method used to determine the percentage of nitrogen in a fertiliser has an error which is
distributed normally with zero mean and standard deviation 0.34%. Ten independent
determinations of the percentage of nitrogen gave a mean value of 15.92%.

(a) Calculate a symmetric 98% confidence interval for the percentage of nitrogen in the
fertiliser.

(b} Find the smallest number of extra independent determinations that would reduce the
width of the symmetric 98% confidence interval to at most 0.4%.

STATISTICS 2 www.gceguide.com

bee.
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Confidence interval for a large sample

In the examples considered so far it has been assumed that the samples are drawn from a
normal distribution and that the variance of this distribution is known. In practice you
will not always be sure that the population is normal and you may or may not have
accurate information about its variance. However, the method of calculating a
confidence interval which has been described in this chapter can still be applied
provided that the sample 1s large.

Consider first the distribution from which the sample is taken. Although this may not be
normal, the ceatral limit theorem (Section 4.4) tells you that the sample mean, X, is
distributed approximately normally provided that the sample is large.

Next, consider the population variance. An unbiased estimate of this can be calculated
from the sample using the equation on page 81.

[ Z(-\f—}f)z :..l_w Zx?w@ui)_i

n-1 -1 H

2
g =

This estimate will vary from sample to sample, but for large samples the variation is so
small that s can be treated as though it is constant and can be used in place of ¢ in
Equation 5.6. A rule of thumb is that ‘large’ means a sample size of 30 or more.

Given a large sample (n = 30) from any population, a 100(1 - o)
confidence interval for the population mean is given by

Ay 5
X—z——, X —== 57
[‘ i ‘”JJ G

where ¥ is the sample mean, the value of z is such that ®(z) =1~ 5o and

Example 5.6.1

On 1 January 100 new Eternity light bulbs were installed in a certain building, together with
a device which records how loag each light bulb is used. By | March all 100 bulbs had
failed. The data for the recorded lifetimes, ¢ (in hours of use), are summarised by

Zt =103500, 2 2 =1712 500 . Assuming that the bulbs constituted a random sample of
Eternity light bulbs, obtain a symmetric 99% confidence interval for the mean lifetime of
Eternity light bulbs, giving your answer correct to the nearest hour. (OCR, adapted)

In this example neither the distribution of the population of lifetimes nor the
population variance are known. However, the sample size is much larger than 30,
so Equation 5.7 can be used. First it is necessary to calculate { and s*,

E:L =10 300 =105.
n 100
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n—1 n B 1001 100

§* = $(2r"‘ —(z')z} : [1 712 500 -2 5001

=61616....
Thus s =7849....
For a 99% confidence mterval, 1 - =0.99,s0 o =001 and %a =0.005.
Thus ®(z)=1-1a =1-0005=0.995.
From the table at the bottom of page 165, taking p = 0.995 gives 7 =2.576.

So, substituting into Equation 5.7 gives a 99% confidence of the population mean as

, 105+ 2.576

<100 100

=[85,125], to the nearest hour.

[105-—2.576 78.49... 78.49...:!

Exercise 5C

1 Durihg one year, a squash player bought 72 squash balls of a certain brand and recorded for
each the time, x hours, before failing. The results are summarised by Zx =3724 and
3
3 x*=2301.32.

(a) Find a symmetric 90% confidence interval for the mean life of that brand of squash
ball.

(b) State, and justify, any approximation used in your caiculation.

2 The contents of 140 bags of flour selected randomly from a large batch delivered to a store
are weighed and the results, w grams, summarised by Z(W - 500) = —266 and
> (w—3500)% = 1178,
(a) Calculate unbiased estimates of the batch mean and variance of the mass of flour in a
bag. -
(b) Calculate a symmetric 95% confidence interval for the batch mean mass.

The manager of the store believes that the confidence interval indicates a4 mean less than
500 g and considers the batch to be sub-standard. She has all of the bags in the batch
weighed and finds that the batch mean mass is 501.1 g. How can this be reconciled with the
confidence interval calculated in part (b)?

3 The depth of water in a lake was measured at 50 randomly chosen points on a particular
day. The depths, d metres, are summarised by 3 d =366.45 and- Y. d° =2978.16.

(a) Calculate an unbiased estimate of the variance of the depth of the lake.

(b) Calculate a symmetric 99% confidence interval for the mean depth of the lake.

The three months after the depths were obtained were very hot and dry and the water level
in the lake dropped by 1.34 m. Based on readings taken at the same 50 points as before,
which were all greater than 1.34 m, what will be a symmetric 99% confidence interval for
the new mean depth?
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XAH environmental science student carried out a study of the incidence of lichens on a stone
wall. She selected, at random, 100 one-metre lengths of wall, all of the same height. The
number of lichens in each section was counted and the results are summarised in the
following frequency table.

!
o
~
W

Number of lichens 0 1
Number of sections 8 2227 19 13 8

(a) Calculate the sample mean and an unbiased estimate of the population variance of the
number of lichens per metre length of the wall.

(b) Calculate a symmetric 90% confidence interval for the mean number of lichens per
metre length of the wall.

A “The pulse rates of 90 eight-year-old children chosen randomly from different schools in a
city gave a sample mean of ¥ = 86.6 beats per minute and an unbiased estimate of
population variance of s =106.09.

.,’/

(a) Calculate a symmetric 98% confidence interval for the mean pulse rate of all eight-
year-old children in the city.

(b) If, in fact, the 90 children were chosen randomly from those attending a hospital
clinic, comment on how this information atfects the interpretation of the confidence
interval found in part (a).

6. Audio cassette tapes of a particular brand are claimed by the manufacturer to give, on

' average, at least 60 minutes of playing time. After receiving some complaints, the
manufacturer’s quality control manager obtains a random sample of 64 tapes and measures
the playing time, ¢ minutes, of each. The results are summarised by Er =3953.28 and

> 1% =244 55700,

(a) Calculate a symmetric 99% confidence interval for the population mean playing time
of this brand of tape. '

(b} Does the confidence interval support the customers’ complaints? Give a reason for
your answer. '

5.7 Confidence interval for a proportion

Many statistical investigations are concerned with finding the proportion of a population
which has a specified attribute. Suppose you were a manufacturer of a version of an
appliance designed for left-handed people. In order to assess the potential market you
would be interested in the proportion of left-handed people in the population. It would
be impossible to ask everybody and so you would have to rely on a sample. Suppose
that you were able to obtain information from a random sample of 500 people and you
found that 60 of them were left-handed. It would fﬁz{ reasonable to estimate that the
proportion, p, of the pepulation who are Ieft«haz edis 22 =0.12, or 12%. However,

500
you need to be certain that this method gives y/() an unbiased estimate of p.
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Consider the more general situation where a random sample of n people are questioned.
Provided that » is much smaller than the population size the distribution of X, the
number of pcople in a sample of size n who arc left-handed, will be B(n, p) since

¢ there are a fixed number of trials (z people asked)

e each trial has two possible outcomes (left-handed or right-handed)

¢ the cutcomes are mutually exclusive (assuming that no one is ambidextrous)
s the probability of a person being left-handed is constant

s the trials are independent.

Let £, be the random variabie ‘the proportion of people in the sample who are left-

handed’. Then P, = X . The expected value of P, is
n

X R
E(P) = E(r_z) = %E(X) {using Equation 2.3}
|
=—Xap=p. (since the mear of a binomial distribution is np)

H

Thus the proportion in the sample does provide an unbiased point estimate of the
population proportion.

It would be more useful, however, to find a confidence interval for p since this gives

an idea of the precision of the estimate. In order to do this you need to consider the
distribution of P, . For a large sample, X will be distributed approximately normally and so
P, will also be distributed approximately normally (see Section 2.4). In order to calculate a
confidence interval you also need the variance of P, . This can be found as follows.

X 1 N .
Var{P) = Var [m) =— x Var (X) (using Equation 2.4)
H n
| Py . . — C e
=g X npg = —* (since the variance of a binomial disteibution is napg).
H n

If X ~ B(n, p). then the sample proportion P, where P = _)S is
1

distributed approximately as N(

o, E‘i) when r is large enough
]

togive np>5 and ng > 3.

In practice, this will be achieved if there are more than 5 successes and 5
failures in » trials.

. . L= o}

In Section 5.5 you saw that for the sampling distribution X ~ N| y1, — |, a confidence
n

. . . _ o _ c . .

interval for y is given by [x —Z—=,X+2 w:i By analogy a confidence interval for p

n Jn
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i pg . .
P o give an approximate

\'}H

] . - X c
is found by replacing ¥ by p,,where p, = — and —= by
i Jn
e . . Pq Pql .. - ;
confidence interval of | p, —z,/=, p, + 2,/ |, where values of z are obtained as before.
' no n

This confidence interval is expressed in terms of p and g, which are not known

; (otherwise a confidence interval would not be required!). However, again similar to
finding a confidence interval for the mean, these unknown quantities can be replaced by
their estimates from the sample provided that the sample is large. The result is the interval

p“.—zqﬂi,[)x—kd% . where q_vzi—p“_:lwi.
n n n

Strictly speaking, since a discrete distribution has been replaced by a continuous one in
this calculation, a continuity cotrection should be applied. However, this is usually
ignored when calculating a confidence interval for a proportion and it will be ignored
here. Also, strictly speaking, an unbiased estimate of the population variance, given by

n {pg q. .
—(&J—ij rather than -‘ll‘-!*—,should be used. The term :
n n—

\ -1\ »n
\ that in the formula for 2. When n is large this adjustment makes little difference, and it

is an adjustment similar to

will be ignored here.

Given a large random sample, size #, from a population in which a
proportion of members, p, has a particular attribute, an approximate

100(1 - &)% confidence interval for p is

P, “’J Pl Pt ‘/___P.;-:!x , (5.8
n

where p, is the sample proportion with this attribute, ¢, =1 - p, and the

value of z is such that ®(z)=1- %(x.
This-confidence interval is approximate because

a discrete distribution has been approximated by a continuous one

. a continuity correction has not been applied
. the population vatiance is estimated from the sample and the
estimate used is biased

the distribution of 2. is only approximately normal.

Equation 5.8 can now be used to calculate a confidence interval for the proportion of
teft-handers in the population. For the sample taken, » =500, p, =0.12 and g, =0.88,
and for a 95% confidence interval, z=1.96.This gives a 95% confidence interval
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0.12x0.88

{M, 0.12+1.96\f

ki

; -

[0.12—*1.96 1; [0.092,0.148]

i
where the answers have been given to 3 decimal places.

The same answer is oblainad if a continuily correction is made and an unbiased estimale
of variance is tised.

It is interesting to note that the answer does not depend on the size of the population,
only the size of the sample. This will always be true if the sample size is much less than
the population size so that the value of p is etfectively constant. This fact can be used
to calculate the sample size required to give a confidence interval of specified width as
itlustrated in the following example.

Example 5.7.1

An opinion poll is to be carried out to estimate the proportion of the electorate of a country
who will vote ‘yes’ in a forthcoming referendum. In a trial run a random sample of 100
people were questioned; 42 said they would vote ‘yes’. Estimate the random sample size
required to give a 99% confidence interval of the proportion with a width of 0.02.

For a 99% confidence interval, z takes the value 2.576 in Equation 5.8, so the width

of this interval is 2 x 2.576_\[ Peds ,where p, and ¢, are used to estimate p and g.
n

The trial ran gives p, =0.42 and henee ¢, = 0.58. Thus the required value of n is

42X 05
2% 2576 [ 22208 0
I¢]

Rearranging and solving for n gives 16 165 to the nearest integer. This answer
will only be approximate, for all four of the reasons in the box on page 97.

K 13 inferesting fo nole hal, if this example referred to a cerlamn country with an élactorate of
about 40 million, then the sample required is only about 0.04% of the electorale. The problem
les in obiaining a random sample. In practice, opinion polls do nof rely on random samples
but use sophisticated techniques which are meant o ensure representative sampies.

Exercise 5D

1 For the following sample sizes, #, and sample proportions, p, , determine whether
Equation 5.8 may be applied to find a valid confidence interval for the population
proportion, p. Check whether the sample size is large enough,

(1) n=60,p =01 (b) n=100, p, =0.04 () n=14,p, =05

2 For those cases in Question | where Equation 5.8 is suitable, calculate symmetric 95%
confidence intervals for p.

3 In a study of computer usage a random sample of 200 private households in a particular
town was selected and the number that own at least one computer was found to be 68.
Calculate a symmetric 90% confidence interval for the percentage of households in the
town that own at least one computer.
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4 Of 500 cars passing under a bridge on a busy road 92 were found to be red.
(a) Find a symmetric 98% confidence interval of the population proportion of red cars.
(b) State any assumption required for the validity of the interval.
(c) Describe a suitable population to which the interval applies.

(d) If this experiment is carried out 50 times, what is the expected number of confidence
intervals which would contain the population proportion of red cars?

n

A biased dice was thrown 600 times and 224 sixes were obtained. Calculate a symmetric
99% confidence interval of p, the probability of obtaining a six in a single throw of the
dice.

Estimate the smallest number of times the dice should be thrown for the width of the
syminetric 99% confidence interval of p 10 be at most 0.08.

Give two reasons why the previous answer is only an estimate.

6 Two machines, machine | and machine 2, produce shirt buttons. Random samples of 80
buttons are selected from the output of each machine and each button is inspected for
faults. The sample from machine | contained 8 faulty buttons and that from machine 2
contained 19 faulty buttons.

(1) Calculate symmetric 90% confidence intervals for the proportions, p, and p,,of
faulty buttons produced by each machine.

(b) State, giving a reason, what the confidence intervals indicate about the relative sizes of
moand ps.

5.8 Practical activities
1 Simulating an opinion poll  The *population’ for this activity consists of the
outcomes of throwing a dice. A throw of { or 2 represents a person who would answer
‘yes’ to a particular question in an opinion poll while a throw of 3,4, 5 or 6 represents a
person who would answer ‘no’. Each member of the class takes a sample of size 30 by
throwing a dice 30 times, notes the number of ‘people’” who would vote ‘yes” and then
calculates a 93% confidence interval for the proportion of people in the population who
would vote ‘yes’. The confidence intervals for the class should be displayed on a
diagram like that in Fig. 5.11. This diagram should also show the exact value for the
proportion of people in the population who would vote ‘yes’, which in this case is 13
Comment on the results.

This activity can be repeated with different values for the proportion who would vote
‘yes’, with different confidence intervals and with different sizes of samples.

2 How long is a ‘foot’?  Measure the foot length in cm of at least 30 adult male
subjects in (a) socks and (b) shoes. Use your results to calculate a confidence interval for
the population mean for each set of measurements. Compare your results with those
obtained by other members of the class. Do any of the students’ confidence intervals
contain the value for the imperial unit of length of 1 foot which is equal to 30.48 cm?

Discuss: to what extent was your sample a random one from a well-defined population?
4 1
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Miscellaneous exercise 5

The mean of a random sample of r observations of the random variable X, where

2 . s . .
X~ N(,:t,cr”) , is denoted by X . In the following cases, find the value of b~ a interms of
nand o .

(@) P(X<a)=003, P(X>b)=007
(b) P(X <a)=004, P(X>h)=006
(©) P(X <a)=005, P(X>b)=005

What do these results confirm about the width of a symmetric confidence interval for y?

The masses of chocolate bars coming off a production line are normally distributed with
mean 1 and standard deviation 1.5 grams. The masses, in grams, of 9 randomly chosen
bars are

25179 251.13 25134 248.66 249.74 24991 25045 24932 251.36.

Calculate a 95% symmetric confidence interval for the population mean, 4.

The lengths of times, x hours, for which cars were parked in a town centre carpark were
measured for a random sample of 200 cars, and it was found that Zx =338.2 and
2,\72 =773.18. Denoting the population mean and variance of the parking times by i
and o2 respectively, calculate

. . 2 . - .
(a) unbiased estimates of i and o°, {b)} asymmetric 90% confidence interval for p.

It was also found that 39 of the 200 cars stayed in the carpark for more than 21 hours,
Calculate a symmetric 90% confidence interval for the population proportion of cars
staying for longer than 2% hours, giving the end-points to 3 decimal places.

The manager of the carpark believes that only 10% of all cars stay for longer than

2% hours. Is this supported by your calculations? (OCR, adapted)

The volume of paint dispensed into litre cans was measured for 100 randomly chosen cans
. . 2 -
and the results, v litres, are summarised by Z.\' =104.0 and Zx' =110.06,

(a) Calculate unbiased estimates of the mean and variance of the volumes dispensed into
the cans.

(b) Calculate a symmetric 90% confidence interval for the mean volume, giving the end-
points to a suitable degree of accuracy. '

(¢} Estimate the smallest sample size required to give a symmetric 90% confidence
interval of width at most 0.02 litres. (OCR, adapted)

The board of trustees of a charitable trust wishes to make a change to the trust’s
constitution. In order for this to happen at ieast two-thirds of the members must vote for the
change. Before the vote is taken, the secretary consults a random sample of 60 members
and finds that 75% of them will vote for the change. Calculate a symmetric 95%
confidence interval for the proportion of all members who will vote for the change.

Nearer the time at which the vote is to be taken, the secretary consults a random sample of
n members and finds, again, that 75% of them will vote for the change. Using this figure,
he calcnlates a symmetric 99% confidence interval for the proportion of members who will
vote for the change. This interval does not include the value two-thirds. Find the smallest
possible value of n. (OCR)

[
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6 A particular brand of petrol was used in 80 randomly chosen cars of the same model and
age. The petrol consumption, x miles per gallon, was obtained for each car. The results are
summarised by z.r =1896 and z x? =45 959 Calculate an approximate symmetric
98¢ confidence interval for the mean petrol consumption of all cars of this model and age.

Give a reason why the interval is approximate. (OCR, adapted)

7 The random variable X has a normal distribution with unknown mean g4 and known
variance ¢~ . A symmetric 98% confidence interval for g, based on a random sample of
25 observations of X, is [12.4,12.6]. Find

{ay the value of o,

(b} the size of a random sample that will give a symmetric 95% confidence interval for g
of width as close as possibte to 0.8.

$ A random sample of 200 fish was collected from a pond containing a large number of fish.
Bach was marked and returned to the pond. A day later, 400 fish were collected and 22
were found to be marked. These were also returned to the pond.

(a) Obtain a symmetric 90% confidence interval for the proportion of marked fish in the
pond.

N Assuming that the number of marked fish is still 200, what can be said about the size
‘of the population of fish in the pond?

9 The compiler of crossword puzzles classifies a puzzle as ‘easy’ if 60% or more people
attempting the puzzle can complete it cyrrectly within 20 minutes. It is classified as “hard”
if fewer than 30% of people can complete it correctly within 20 minutes. All other puzzles
are classified as ‘average’. A particular {)uzzlc was given to 150 competitors in a contest
and 74 completed it correctly within 20 minutes. The compiler wishes to be 90% confident
of correctly classifying the puzzle.

(a) How should she classify the puzzle?

(b) Can she be 95% confident that her classification is comect?

10 - A television viewer notices that many TV programmes start a few minutes later than the
advertised time. For a random sample of 120 programmes, unbiased estimates of the mean
and variance of the delay times are .75 minutes and 2.46 minutes? respectively, each
correct to 3 significant figures. Use these estimates to calculate a symmetric 99%
confidence interval for the population mean delay.

The viewer considers a normal distribution N(1.75,2.46) as a model for the delay, in
minutes, at the start of a randomly chosen TV programme. Show that this model is not
consistent with the viewer’s observation that TV programmes almost never start before the
advertised time.

Does the fact that the distribution of the delay times may not be normal affect the validity
of the calculation of the confidence inierval for the mean delay? Give a reason for your
answer. (OCR)

s e e

B
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Hypothesis testing: continuous variables

Part of the purpose of statistics is to help you to make informed decisions based on data.
This chapter is the first of a series of chapters about decision making, which in statistics
is called ‘hypothesis testing’. When you have completed it you should

¢ understand the nature of a hypothesis test

» understand the difference between a one-tail and a two-tail test

s be able to formulate a null hypothesis and an alternative hypothesis

+ understand the terms ‘significance level’, ‘rejection region’, ‘acceptance region’ and
‘test statistic”

«  be able to carry out a hypothesis test of a population mean for a sample drawn from a
normal distribution of known variance, and also for a large sample.

An introductory example

Over a number of years a primary school has recorded the reading ages of children at
the beginning and end of each academic year. The teachers have found that during
Year 3 (the children’s third year of school} the increase in reading age is normally
distributed with mean 1.14 years and standard deviation 0.16 years. This year they are
going to trial a new reading scheme: other schools have tried this scheme and found
that it led to a greater increase in reading age. At the end of the year the teachers will
use the mean increase in reading age, X , of the 40 children in Year 3 to help them
answer the question: ‘Does the new reading scheme give better results than the old one
in our school?’

The difficulty in answering this question lies in the fact that each child progresses at a
different rate so that different values of X will be obtained for different groups of
children. It is easy to check whether X is greater than 1.14 years. It is not easy to know
whether a value of X greater than 1.14 years reflects the effectiveness of the new
scheme or is just due to random variation between children.

This chapter describes a statistical method for arriving at a decision. The following
sections break down the process into several stages.

Null and alternative hypotheses

There are two theories about how the new reading scheme performs in this particular
school. The first is that using the new scheme makes no difference. This theory is called
a null hypothesis. It is denoted by the symbol H,,. In this example, where the mean of
the past increases in reading age is 1.14 years, the null hypothesis can be expressed by
Hy: ¢t =1.14 . Note that H,, proposes a single value for the population mean, y, which
is based on past experience. ‘

A hypothesis’ is a theory which is assumed ie be Irue unfess evidence is obiained which
indicates otherwise. ‘Null’ means ‘nothing’ and the term null Aypothesis’ means a theory
of no change’, that is ‘no change’ from what would be expected from past exparience.

R
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The other theory is that the new reading scheme is more effective than the old one, that
is that the population mean will increase. This is called the alternative hypothesis and
is given the symbol H,. So the alternative hypothesis in this case is H: £ >1.14. The
alternative hypothesis proposes the way in which u will have changed if the new
reading scheme is more effective than the old one.

The procedure which is used to decide between these two opposing theories is called a
hypothesis test or sometimes a significance test. In this example the test will be one-
tail because the alternative hypothesis proposes a change in the mean in only one
direction, in this case an increase. It is also possible to have a one-tail test in which the
alternative hypothesis proposes a decrease in the mean. Tests in which the alternative
hypothesis suggests a difference in the mean in either direction are called two-tail.

Example 6.2.1

For the following situations give null and alternative hypotheses and say whether a
hypothesis test would be one-tail or two-tail.

{a) In the past an athlete has run 100 metres in 10.3 seconds on average. He has been
following a new training program which he hopes will decrease the time he takes to run
100 metres. He is going to time himself on his next six runs.

(b) The bags of sugar coming off a production line have masses which vary slightly but
which should have a mean value of 1.01 kg . A sample is to be taken in order to test
whether there has been any change in the mean.

(¢) The mean volume of liquid in bottles of lemonade should be at least 2 litres. A sample
of bottles is taken in order to test whether the mean volume has falien below 2 litres.

(a) The null hypothesis proposes a single value for u, Hy: gt = 10.3 based on the
athlete’s past performance. The alternative hypothesis proposes how i might have
changed, H,: gt <10.3. This is a one-tail test.

(b) The null hypothesis proposes a single value for w, Hy:p =1.01 based on the
mass which the bags should have. The alternative hypothesis proposes how [
might have changed, H:te # 1.01. This is a two-tail test.

(¢} The only concern in this situation is whether the mean volume is less than
2 litres 50 a one-tail test is appropriate. The null hypothesis is Hy: it =2 and the
alternative hypothesis is Hj:p <2.

For a hypothesis test on the population mean, i, the null

hypothesis, H,, proposes a value, f, for i,

Ho:pt=ty.
The alternative hypothesis, H,, suggests the way in which
1 might differ from ty. H, can take three forms:

H,: it <y, a one-tail test for a decrease;
H,: it > py, a one-tail test for an increase;
H,: 1 # 11y, a two-tail test for a difference.

Cle
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Exercise 6A

In the following situations, state suitable null and alternative hypotheses involving a
population with mean g. You will need some of your answers in Exercise 6B,

1 Bars of Choco are claimed by the manufacturer to have a mean mass of 102.5 grams. A test
is carried out to see whether the mean mass of Choco bars is less than 102.5 grams.

2 The mean factory assembly time for a particular electronic component is 84 s. It is required
to test whether the introduction of a new procedure resuits in a different assembly time.

3 In areport it was stated that the average age of all hospital patients was 53 years. A
newspaper believes that this figure is an underestimate.

4 The manufacturer of a certain battery claims that it has a mean life of 30 hours. A
suspicious customer wishes to test the claim.

53 A large batch of capacitors is judged to be satisfactory by an electronics factory if the mean
capacitance is at least 5 microfarads. A test is carried out on a batch to determine whether it
is satisfactory.

T P

Critical values

Once you have decided on your null and alternative hypotheses the next step is to devise a
rule for choosing between them. Look again at the reading scheme example. The rule will
be based on the sample mean, ¥ . The teachers are only interested in the new scheme if it
improves the average increase in reading age and so only values of X greater than .14
might lead them fo drop the old scheme in favour of the new one, Initially, you might
think that any value of X which is greater than .14 years would show that the new
scheme is more effective. A little more thought shows that is too simple a rule.

It is possible to obtain a sample mean ¥ that is greater than 1.14 cven if the new reading
scheme is not effective at all. To see this, suppose that there is no difference between the
new reading scheme and the old one. Then both 1 and ¢ will be the same under the
two schemes and X will be distributed as N(l .14,0.162).

You should recall from Section 4.6 that if
2

X ~ N(,u,crz), then X ~ N(,u,o—} so for

n

samples consisting of 40 children, the mean, .

= . o 0.16>
X , will be distributed as N} 1.14, o )

T T T T T T T >
X

Fig. 6.1 shows the distribution of X . You can 1.08 114 120
see from this diagram that there is a probability i o X .

t L that th 1 il be oreater than Fig. 6.1. Distribution of mean increase in reading
6 2 € Sampl€ mean will be g ) age for the children in Section 6.1 if the new
1.14 even though you assumed that there is no scheme is ineffective. -
change in the population mean.
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How big does the sample mean have to be before you can conclude that the population
mean is likely to have increased from 1.147 Most people would agree that if a sample
mean of 2.00 is obtained then it is unlikely that the population mean is still 1.14 but
what about a sample mean of 1.19?7 One way of tackling this problem is to divide the
possible outcomes into two regions: the rejection (or critical) region and the
acceptance region.

The rejection region will contain values at the top end of the distribution in Fig. 6.1.

If the sample mean is in the rejection region, you reject Hy in favour of H,: you
conclude that the population mean has increased. If the sample mean is in the
acceptance region, you do not reject Hy: there is insufficient evidence to say that the
new reading scheme is more effective.

The rejection region is chosen so that it is ‘unlikely’ for the sample mean to fall in the
rejection region when H, is true. It is a matter of opinion what you mean by “unlikely’
but the usual convention among statisticians is that an event which has a probability of
0.05, thatis 1 in 20, or less is ‘unlikely’.

Fig. 6.2 shows the rejection region and the
acceptance region for the children’s reading
scheme example. The value, ¢, which
separates the rejection and acceptance regions
is called a eritical value. It can be calculated

as follows. acceptance " rejection
region region

=1y

1 C =3 -
Since I)-(z) 095, the \'/alue of the Fig. 6.2. Acceptance and rejection regions for the
standardised normal variable, z, children’s reading age example.

corresponding to ¢,is z=1.645
{using the tables on page 165).

The values of the standardised and original variables are related by z = il

=
where Z ~ N{(0,1). /9"__
"

-1.14
Substituting in this equation gives 1.645 = £ .
0.16°
— 40

2
Rearranging gives ¢ = 1.645\! Oi(? +1.14 =1.18, correct to 3 significant figures.

The rejection region'is given by X =1.18 years.

At the end of the year the observed value for the sample mean was X =1.19 years. Since this
value is in the rejection region, you can conclude that the observed result is unlikely to be
explained by random variation: it is more likely to be due t0 an increase in the population
mean. This suggests that the new reading scheme does give better results than the old one.

In this example a decision is made by considering the value of the sample mean. The sample
mean, X, is called the test statistic for this hypothesis test. The rejection region was defined
so that the probability of the test statistic falling in it, if H, is true, is at most G.05, or 5%.
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This probability is called the significance level of the test. It gives the probability of
rejecting Hy when it is in fact true. In this example it gives the probability of concluding that
the new reading scheme is better even when it is not. You might feel that this is too high a
risk of being wrong and choose instead to use a significance level of, say, 0.01, or 1%.

Example 6.3.1
Find the rejection region for a test at the 1% significance levet for the children’s reading
scheme example.

Now @(z) =099 giving z = 2.326. Substituting into z= i

T
gives
1.14 Vgi
2326= "1 h

10.162
V40

Rearranging gives ¢ =1.20, correct to 3 significant figures.
The rejection region is X = 1.20.

The observed value of 1.19 years is no longer in the rejection region and so Hj is
not rejected at the 1% significance level.

You may feel that it is unsatisfactory that the result of a hypothesis test should depend on
the significance level chosen. THis point is discussed in more delall in Chapler 8,

In a two-tail test the rejection region has two parts, because both high and low values of X
are unlikely if the null hypothesis is true. Example 6.3.2 illustrates this situation.

Example 6.3.2

In the past a machine has produced rope which has a breaking load which is normaily
distributed with mean 1000 N and standard deviation 21 N. A new process has been
introduced. In order to test whether the mean breaking load has changed a sample of 50
pieces of rope is taken, the breaking strain of each piece measured and the mean calculated.
(a) Define suitable null and alternative hypotheses for testing whether the breaking load has
changed.

(b) Taking the sarnple mean as the test statistic, find the rejection region for X for a
hypothesis test at the 5% significance level.

(¢) The sample mean for the 50 pieces of rope was 1003 N. What can you deduce?

{a} The null hypothesis states the value
which the mean breaking load should take,

Hy: 1 =1000.

. . 0.025 0025
The alternative hypothesis states how
might have changed, H,: g # 1000. 992 ¢, 996 1000 1004 ¢, 1008 % (N)
(b) If H, is true, then the sample mean, re:jectionz acceptance ;rejection

) region region region
= 21 .
X~ N(IOOU,—]. Fig. 6.3 shows the Fig. 6.3. Acceptance and rejection regions for
50 Example 6.32.

distribution of X with the rejection
and acceptance regions. There are two critical values labelled ¢, and ¢,.
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To find the upper critical value, use ®(z) = 0975, since the 0.05 probability is split
equally between the two ‘tails’ of the distribution. The required value of 2 is 1.960 .

Substituting into z =~ gives 1.960 = 2 T,l,-:”m: )
2 in12
G 21
n Y 50

Rearranging gives ¢, =1006, to the nearest integer. By symmetry, ¢ = 994.
So the rejection region is X < 994 and X = 1006.

(c) The observed sample mean of ¥ = 1003 is not in the rejection region. There is
not enough evidence to say that the mean has changed and it can be concluded that
the new process is satisfactory.

Here is a summary of the terms introduced in this section, followed by a list of the steps
involved in carrying out a hypothesis test.

The test statistic is calculated from the sample. Its value is used
to decide whether the null hypothesis, Hy, should be rejected.

The rejection (or eritical) region gives the values of the test
statistic for which the null hypothesis, Hy, is rejected.

The acceptance region gives the values of the test statistic for
which the null hypothesis, Hy, is not rejected.

The boundary value(s) of the rejection region is (are) called the
critical value(s).

The significance level of a test gives the probability of the test
statistic falling in the rejection region when Hy is true.

ol o

¥ Y, is refectad, then W, fs automatically dcoepled.

To carry out a hypothesis test:
.Step 1 Define the null and alternative hypotheses.
Step 2 Decide on a significance level.

Step 3 Determine the critical value(s).

Step4 Calculate the test statistic.

Step 5 Decide on the outcome of the test depending on whether the value
of the test statistic is in the rejection or the acceptance region.

Step 6 State the conclusion in words.
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emeer Kxercise 6B s

In the following questions, the rejection (critical) regions should be found in terms of
the sample mean, X .

1 The random variable X has a normal distribution, N{p,4). A test of the nuil hypothesis
i =10 against the alternative hypothesis g > 10 is carried out, at the 5% significance
level, using a random sampie of 9 observations of X . The rejection region is found to
be X =11.10. State the conclusion of the test in the following cases.

(@ X=123 b) X=86

2 For the situation in Exercise 6A Question 1, a random sample of 12 bars had a mean mass
of 101.4 g, Test, at the 5% significance level, whether the mean mass of all Choco bars is
less than 102.5 g, assuming that the mass of a Choco bar is normally distributed with
standard deviation 1.7 g.

3 For the situation in Exercise 6A Question 2, a random sample of 40 components had mean
assembly time 81.2 5. Assuming that the assembly time of a component has a normal
distribution with standard deviation 6.1s, carry out a test at the 5% significance level of
whether the mean for all components differs from 84.0s.

4 Referring to Exercise 6A Question 3, a random sample of 6 capacitors was selected from
the batch. Their capacitances were measured in microfarads with the following results,
5.2 481 479 485 5.04 4.6
Assuming that the capacitances have a normal distribution with standard deviation
0.35 microfarads, test, at the 2% significance level, whether the batch is satisfactory,

5 The blood pressure of a group of hospital patients with a certain type of heart disease has
mean 85.6. A random sample of 25 of these patients volunteered to be treated with a new
drug and a week later their mean blood pressure was found to be 70.4. Assuming a normal
distribution with standard deviation 15.5 for blood pressures, and using a 1% significance
level, test whether the mean blood pressure for all patients treated with the new drug is less
than 85.6.

6 'Two-litre bottles of a brand of spring water are advertised as containing 6.8 mg of
magnesium. In a random sample of 10 of these bottles the mean amount of magnesium was
found to be 6.92 mg. Assuming that the amounts of magnesium are normally distributed
with standard deviation 0.18 mg, test whether the mean amount of magnesium in all similar
bottles differs significantly from 6.8 mg. Use a 5% significance level.

7 The lives of a certain make of battery have a normal distribution with mean 30 h and
variance 2.54 h®. When a large consignment of these batteries is delivered to a store the
quality control manager tests the lives of 8 randomly chesen batteries. The mean life was
28.8 h. Test whether there is cause for complaint. Use a 3% significance level.

8 The birth weights of babies born in a certain large hospital maternity unit during the year
2000 had a normal distribution with mean 3.21 kg and standard deviation 0.73 kg. During
the first week of August, there were 24 babies born with a mean weight of 3.17 kg.
Treating these 24 babies as a random sample, would a test at the 5% significance level

indicate a population mean which is different from 321 kg?

P 2 e Fe sy




CHAPTER 6: HYPOTHESIS TESTING: CONTINUOUS VARIABLES ~ WWW.gceguidd.com

6.4 Standardising the test statistic

In the previous exercise the rejection region for each question was different and you had
to find it before you could obtain the result of the hypothesis test. You may have spotted
that the calculation could be shortened by standardising the value of X using

Z= X_;g = fm&iﬁ
Pel o
\jf.n i

and taking Z as the test statistic. For a given
type of test, one-tail or two-tail, at a given
significance level the rejection region for Z will
always be the same. For example, Fig. 6.4
illustrates the rejection region of Z for a two-tail
test at the 5% significance level. The upper
critical value is obtained from ®(z;) = 0.9735,
giving z, =1.960 and, by symmetry, the lower
critical value, z, = —1.960 . Thus the rejection

rejection acceptance ‘rejection

region is Z =1.960 and Z < —1.960, which region region egion

H ~ - 2 N
you Can'wr.ltc more compactly as l Z[ 1.960 . Fig. 6.4. Acceptance and rejection regions for Z
The following examples illustrate this approach. for a two-tail test al the 5% significance level.
Example 6.4.1

A test of mental ability has been constructed so that, for adults in Great Britain, the test
score is normally distributed with mean 100 and standard deviation 15. A doctor wishes
to test whether sufferers from a particular disease differ in mean from the general
population in their performance on this test. She chooses a random sample of 10
sufferers. Their scores on the test are

119 131 95 107 125 90 123 89 103 103

Carry out a test at the 5% significance level to test whether sufferers from the disease
differ from the general population in the way in which they perform at this test. )
{OCR, adapted)

The nuil and alternative hypotheses are Hy: i = 100 and H,:p # 100 respectively.

This is a two-tail test at the 5% significance level. As explained above, the
rejection region for the test statistic, Z, is | Z1= 1.960.

- 15?
Under Hg, X~N 100,'"1*6“ .

Under Wy’ is another way of saying ¥ Hy is true’
For this sample,

x= %(119-&-131+95+107+125+90+123+89+103+103)*—“108.5.
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-y (1085-100)

When ¥ = 1085, z="~m== = e = 1 792 | correct to 3 decimal places.
Al N
Vn V10

The observed value of Z is not in the rejection region so H, is not rejected. There
is insufficient evidence, at the 5% significance level, to suggest that sufferers from
this disease differ from the general population in their performance on the test.

Example 6.4.2

A manufacturer claims that its light bulbs have a lifetime which is normally distributed
with mean 1300 hours and standard deviation 30 hours. A shopkeeper suspects that the
bulbs do not last as long as is claimed because he has had a number of complaints from
customers. He tests a random sample of six bulbs and finds that their lifetimes are 1472,
1486, 1401, 1350, 1511, 1591 hours. Is there evidence, at the 1% significance level, that
the bulbs last a shorter time than the manufacturer claims?

The null and alternative hypotheses are Hy: it = 1500 and Hy: g2 < 1500
respectively.

This is a one-tail test for a decrease at the (@)
1% level. Fig. 6.5 shows the rejection
region for Z. The critical value is given
by @(z) =0.01. Recall that

O(~z) =1 —D(z) =1~0.01 =0.99. From
tables, —z = 2.326 s0 z =~2.326. Thus -3 0 1
the rejection region is Z << —2.326. :

rejection acceptance
region region

Fig. 6.5. Acceptance and rejection regions for

2
Under Hy, X ~ N{ISOO,%J.
Example 6.4 2.

For this sample,

F=5(1472+ 1486+ 1401 + 1350 + 1511 +1591) = 1468.5.

_E-p_ 1468.5-1500

T

When ¥ = 146835, z

= —2.572, correct to 3 decimal

places.

The observed value of Z is in the rejection region. There is evidence, at the 1%
significance level, that the manufacturer’s bulbs do not last as long as claimed.

You can generalise this method as follows.
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The test statistic Z can be used to test a hypothesis about a population
mean, Hy: gt = 4, for samples drawn from a normal distribution of known

variance ¢*. For a sample of size n, the value of Z is given by

_X-p_x-p
z= PO (6.1)

I Jn

The rejection region for Z depends on H, and the significance level used.

The critical values for some commonly used rejection regions are given
below.

One-tail
Hy: gt < Uy

One-tail
Hyp>py

Two-tail
Hi:p# Hg

Significance level

10% 1 1.645 1.282 -1.282
5% +1.960 1.645 ~1.645
2% +2.326 2054 -2.054
1% +2.576 2.326 -2.326

For some significance levels, critical values for a one-tail test for an

increase in the population mean can be found from the table at the bottom %
of page 165. The probabilities given refer to the acceptance region. Forthe 2
remaining significance levels, the critical values can be found using the full %E

normal distribution table ‘in reverse’.
S e

wemmgmy Exercise 6C

Cans of lemonade are filled by a machine which is set to dispense an amount which is
normally distributed with mean 330 mi and standard deviation 2.4 ml. A quality control
manager suspects that the machine is over-dispensing and tests a random sample of 8 cans.
The volumes of the contents, in mi, are as follows.

329 327 331 326 334 343 328 339

Test, at the 2% % significance level, whether the manager’s suspicion is justified.

The masses of loaves from a certain bakery have a normal distribution with mean i grams
and standard deviation ¢ grams. When the baking procedure is under control, u = 508
and o =18. A random sample of 25 loaves from a day’s output had a total mass of 12 554
grams. Does this provide evidence at the 10% significance level that the process is not
under control?

A machine produces elastic bands with breaking tension T newtons, where

T ~ N{(45.1,19.0). On a certain day, a random sample of 50 bands was tested and found to
have a mean breaking tension of 43.4 newtons. Test, at the 4% significance level, whether
this indicates a change in the mean breaking tension.
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4 The cholesterol level of healthy males under the age of 21 is normally distributed with
mean 160 and standard deviation 10. A random sample of 200 university students, all male
and under age 21, had a mean cholesterol level of 161 8. Test, at the 1% significance level,

whether all male university students under age 21 have a mean cholesterol level greater
than 160,

h

The mean and standard deviation of the number of copies of The Daily Courier sold by a
shop were 276.4 and 12.2 respectively. During 24 days following an advertising campaign,
the total number of copies of The Daily Courier sold by the shop was 6713. Stating your
assumptions, test at the 3% significance level whether the data indicate that the campaign
was successful.

J3 “The average time that [ have to wait for the 0815 bus is 4.3 minutes. A new operator takes
over the service, with the same timetable, and my average waiting time for 10 randomly
chosen days under the new operator is 3.4 minutes. Assuming that the waiting time has a
normal distribution with standard deviation 1.8 minutes, test whether the average waiting
time under the new operator has decreased. Use a 10% significance level.

7 The marks of all candidates in an A-Level Statistics examination were normatly distributecl
with mean 42.3 and standard deviation 11.2. Fifteen students from a particular school sat
this paper as a practice examination. Their mean mark was 49 8. Test, at the 1%
significance level, whether this indicates that the students at this school did better than
candidates in general.

e s e

Large samples

In the examples considered so far you have assumed that the samples were drawn from a
normal distribution and that the variance of this distribution is known. In practice, there
are many cases where you cannot be sure that the population distribution is normal and
you may or may not have accurate information about its variance. However, the method
of hypothesis testing which has been described in this chapter can still be applied
provided that the sample is large. Consider first the distribution from which the sample
is taken. Although this may not be normal, the central limit theorem (see Section 4.4)
tells you that the sample mean, X, is normally distributed provided that the sample is
large. Next, consider the population variance. An unbiased estimate of this can be
calculated from the sample using the equation on page 81.

If the sample is large, this estimate is sufficiently accurate to replace ¢° in
Equation 6.1,
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The test statistic Z can be used to test a hypothesis about a population mean,
Hy: pt = Yy, for large samples drawn from any population.

For a sample of size n, the value of Z is given by Equation 6.1.
If the population variance, 62, is unknown, it can be replaced by its estimate, st

The term ‘large’ is not very precise. A rule of thumb would be that *large’ means a
sampie size of 30 or more.

Example 6.5.1

A new surgical technique has been developed in an attempt to reduce the time that
patients have to spend in hospital after a particular operation. In the past, the mean time
spent in hospital was 5.3 days. For the first 50 patients on whom the new technique was
tried, the mean time spent in hospital was 5.0 days with an estimated population
variance of 0.4 days®. Is there evidence at the 2% significance level that the new
technique has reduced the time spent in hospital?

The null and alternative hypotheses are H,: 1= 5.3 and H: 1 < 5.3 respectively.

The population distribution is not given, but, since the sample is large, the test
statistic Z can still be used. This is a one-tail test for a decrease at the 2%
significance level. From the box on page 111 the rejection region is Z <= —~2.054.

z=2 —H 30-33 —5.303, correct to 3 decimal places.
E
n 50

The calculated value of z is in the rejection region so Hy is rejected: there is
evidence at the 2% significance level that the time in hospital has been reduced by
the new technique.

Example 6.5.2
An inspector of items from a production line takes, on average, 21.75 seconds to check
each item. Afier the installation of a new lighting system the times, ¢ seconds, to check

each of 50 randomly chosen items from the production line are summarised by
3 t=1107 and Y ¢* =24 59235.

(a) Calculate an unbiased estimate of the population variance of the time to check an
item under the new lighting system.

(b) Test at the 5% significance level whether there is evidence that the population mean
time has changed from 21.75 seconds. (OCR, adapted)

(a) Anunbiased estimate of population variance is given by

g EF) 1 o7
$F = >t =5 2459235 -—~ |=1.701....

n




114

STATISTICS 2 www.gceguide.com

(b) The null and alternative hypotheses are Hy:pt =21.75 and Hy:pr # 21.75 .

The population distribution and variance are not given, but, since the sample is
large, the test statistic Z can still be used. For a two-tail test at the 5%
significance level the rejection region for the test statistic Z is | Z]=1.960.

For the given sample, X = LLO? =22.14.

_E-p_22.14-2175
2 f1 701..
\,n V50

=2.114, correct to 3 decimal places.

This value is in the rejection region. There is evidence at the 5% significance level
that the population mean has changed.

Exercise 6D

The continuous random variable X has mean p. A test of the hypothesis pu =23 is to be
carried out at the 2% significance level. A random sample of 50 observations of X gavea
sample mean ¥ =21.8 with an estimated population variance s* =12.94. Do the test,

A machine set to produce metal discs of diameter 11.90 cm has an annual service. After the
service a rarlom sample of 36 discs is measured and found to have a mean diameter of

11.930 cm and an estimated population variance of 0.072 cm®. Test, at the 1% significance
level, whether the machine is now producing discs of mean diameter greater than 11.90 cm.,

In Lanzarote the mean daily number of hours of sunshine during April is reported to be
5;1{ hours. During a particular year, during April, the daily amounts of sunshine, x hours,
were recorded and the results are summarised by ¥ x=1623 and 3 x* = 950.6. Test, at
the 5% significance level, whether these results indicate that the reported mean of

5 hours is too low.

Boxes of the breakfast cereal Crispo indicate that they contain 375 grams. After receiving
several complaints that the boxes contain less than the stated amount, a supermarket
manager weighs the contents of a random sample of 40 boxes from a large consignment.
The masses, x grams, of the contents are summarised by Z (x—375)=~46 and

Z(x ~375) = 616. Test, at the 5% significance level, whether the mean mass of the
contents of all boxes in the consignment is less than 375 grams.

The Galia melons produced by a fruit grower under usual conditions have a mean mass of
0.584 kg. The fruit grower decides to produce a crop organically and a random sampie of
75 melons, ready for market, had masses, x kg, summarised by Ex =4539 and

sz = 2903 . Test, at the 10% significance level, whether melons grown organically are
heavier, on average, than those grown under the usual conditions.
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6 The diameters of a random sample of 60 cans of a certain brand of tomato were measured.
The results, x cm, are summarised by Z(x ~6) =489 and Z(x - 6)? =4007. The mean
diameter of a}l the cans produced is denoted by i cm . Test, at the 2 -5— % significance level,
the following hypotheses:

(a) u#638, by 1>68, {(c) n<638.

e R e R R R

6.6 An alternative method of carrying out a hypothesis test

Another way of carrying out a hypothesis fest is to calculate the probability that the
test statistic takes the observed value {or a more extreme value) and to compare this
probability with the significance level. If the probability is less than the significance
level then the null hypothesis is rejected. The result is said to be *significant” at the
given significance level. Fig. 6.6 shows that this method will always give the same
result as the previous method.

&(z) H(z)

0.05 0.05
‘ D r .
-3 0 1.645? 3z =3 . 0 Tl.645 3z
19 1.2 ¢
acceptance ¢ rejection acceptance i rejection
region region region region
Fig. 6.6a Fig. 6.6b

Diagrams showing the relation between probabilities and significance levels.

Fig. 6.6a shows the rejection region for Z for a one-tail test for an increase at the 5%
significance level. If Z takes a value in the rejection region, for example 1.9, then you can
see from this figure that P(Z = 1.9) is less than 0.05, which would also lead to the rejection
of Hy.If Z takes a value in the acceptance region, for example 1.2, as shown in Fig. 6.6b,
then P(Z = 1.2) is greater than 0.05 and H, would not be rejected. To illustrate this idea,
look again at Example 6.5.1. In this example, the test statistic took the value —5.30 (correct
to 3 significant figures). Low values of Z were of interest so a ‘more extreme value’ here
means a value less than —5.30. The probability that Z took this value or a more extreme
value is

P(Z=-530)=1-®(5.30)=0.

Since this probability is less than 2%, the result is significant at the 2% level and so the null
hypothesis is rejected. As you would expect this is the same as the conclusion which was
reached before. However, this way of quoting the result conveys more information: it shows
that the result was significant not only at the 2% level but at a much lower significance level.
Giving a probability (sometimes called a p-value) rather than using critical values requires a
little more work. However, the use of microcomputers means that it is now easy to give a
probability and most statistical programs give the result of a hypothesis test in this form.
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The following example illustrates this approach in a two-tail test.

Example 6.6.1

A machine is designed to produce rods 2 cm long with a standard deviation of 0.02 cm.
The lengths may be taken as normally distribnted. The machine is moved to a new
position in the factory, and in order to check whether the setting for the mean length has
altered, the lengths of the first ten rods are measured. The standard deviation may be
considered to be unchanged. If these lengths, in cm, are as given below, test at the 5%
significance level whether the setting has altered or not.

204 197 199 203 204 2.10 201 198 197 202 (OCR, adapted)

This is a two-tail test with the null hypothesis assuming that the mean is unaltered,
The null and alternative hypotheses are Hy: i =2 and H,: u # 2 respectively.

Sample mean = %(2.04%— 1.9741.99+2034+204+2.10+2.01+1.98+1.97+202)
= 2015,

Since the population is normally distributed, X is also normaily distributed.

2
Under Hy, X ~ N[2,0‘02 J

10
- 2015-2|
Thus P(X =2.015)=P Z= 50 =P(Z=2.372)
10

=1 —P(2.372) =1~0.9912 = 0.0088 = 0.88%.

Since this is a two-tail test, this probability (2}
should be compared with half of the value
specitied in the significance level, that is
249% ,as shown in Fig. 6.7. Since 0.88% is

| e 0025 0025

less than 2 5%, the result is significant at the _

5% level. It can be assumed that the mean 3 _196 0 196 3z

length of the rods produced by the machine SO D—
erCC[!O i acccptance ' fﬁjCCuOl’l

has been affected by the move. région region region

Alternatively, you could calculate the p-value Fig. 6.7. Acceptance and rejection regions for a
for the test. This is the probability that the two-tail test at the 3% significance level.

test statistic deviates from the population

mean by the observed amount {or more) in either direction. Thus, in this case, the
p-value is 2x 0.88% =1.76%. The p-value is then compared with the significance
level. Since 1.76% < 5%, the result is significant at the 5% level, as before.

Either method of carrying out a hypothesis test, using critical values or using
probabilities, is satisfactory and usually you shounld use the method which you find
easier. However, in the next chapter you will meet situations where the probability
approach is simpler. For this reason, it is suggested that you carry out Exercise 6E
using the probability method.
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6.7 Practical activities
1 Just a minute! (You may already have data available for this from S1 Section 3.12.)

Do people tend to over- or underestimate time intervals? Ask as large a sample of people
as possible to estimate a time interval of one minute. You will need to decide on a
standard procedure for doing this. Record the value of the estimates to the nearest second.
Use your sample to test the null hypothesis Hy:u = 60. You could carry out this
experiment for more than one distinct group, for example children in a certain age range
and aduits.

2 Investigating an optical illusion  Each person in the sample is presented with a
diagram similar to that shown in Fig. 6.8 and asked to mark the centre of the horizontal
line by eye. Ask as many people as possible.

N AN
/ /

Fig. 68

Another sample is asked to mark the centre of a line of the same length as before but
without the arrows oh the ends.

Analyse the results as follows. Measure the deviation of each mark from the centre of

the line, taking deviations to the right as positive and those to the left as negative. For

each sample test whether the mean deviation differs significantly from zero. Comment
on your results.

Fxercise 6K

Use the method of Section 6.6 to answer the questions in this exercise.

i The random variable X has a normal distribution with mean p and variance 23. A random
sample of 20 observations of X is taken and the sample mean is denoted by X . This is
used to test the null hypothesis g = 30 against the alternative hypothesis i <30.

(a) Calculate P(X = 28.4).
(b} If the sample mean is, in-fact, 28 4, state whether the null hypothesis is rejected at the

(i) 5% significance-level, (i)} 10% significance level.

2 A charity has a large number of collection boxes in a variety of locations. They are emptied
on a regular basis and during 2000 the mean amount collected per box (on emptying) was
$8.54. Early in 2001, a random sample of 50 boxes was emptied and the contents, $x, are
summarised by Z(x ~8)=384 and Y (x— 8)* = 24041, Find the p-value of a test of
whether the data provides evidence that the mean is now different from $8.54.

What conclusion can be made at the 5% significance level?
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3 The alkalinity of soil is measured by its pH value. It has been found from many previous
measurements that the pH values in a particular area have mean 8.42 and standard
deviation 0.74. After an unusually hot summer the pH values were measured at 36
randomly chosen locations in the area and the sample mean value was found to be 8.63.
Calculate the p-value of a test of the hypothesis that the mean pH value in the area is now
greater than 8.42.

What can be concluded

{a) atthe 5% significance level, (b) at the 1% significance level?

4 Longbrite candles are supposed to burn for at least 7 hours. To check this, a random sample
was tested; 30 Longbrite candles were lit, and the times, ¢ hours, before they went out were
recorded. The results are summarised by 3 (£ ~7)=-240 and 3 (r—7)* =2.95. Find the
p-value of a test of whether the Longbrite candles burn, on average, for at east 7 hours.

What is the conclusion of the test at the 10% significance level?

5 The percentage salinity of the water in a stretch of sea was measured at 45 randomly
chosen places during 2002. The sample mean percentage was 31.18 and an unbiased
estimate of population variance was 0.579%. Find the p-value of a test of whether the
mean salinity of the sea in that area is greater than 31%. State the conclusion of the test at
the 5% significance level.

6 A teacher writes an examination paper which she thinks the average student should take 80
minutes to complete. She gave the paper to 35 randomly chosen students. The sample mean
was 81.4 minutes and an unbiased estimate of population variance was 2.9 min® . Find the
smallest significance level at which it would be accepted that the mean time for all students
taking the paper would differ from 80 minutes.

S Miscellaneous exercise 6

1 Metal struts used in a building are specified to have a mean length of 2.855 m. The lengths
have a normal distribution with standard deviation 0.0352 m. A batch of 15 struts is sent to
a building site and the lengths are measured. The sample mean length is 2.841 m.

A test is to be carried out, at the 5% significance level, to decide whether the batch is from
the specified population.

(a) Stating your hypotheses, find the rejection region in terms of Z.

(b) State the conclusion of the test.

2 A random variable, X, has a normal distribution with unknown mean but known variance
of 12.4. The mean of a random sample of 10 observations of X is denoted by X . The
acceptance region of a test of the null hypothesis (=25 is X >22.41.

(a) State the aliemative hypothesis. {(b) Find the significance level of the test.

(c) If the hypothesised value of pt were greater than 25 would the significance level
corresponding to the same acceptance region be larger or smaller than that found in
part (b)7 Give a reason for your answer.
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3

A4

The contents of a brand of Greek yoghurt can be assumed to have masses which are
normally distributed with standard deviation 2.58 grams. A new machine for filling the
cartons is purchased and a random sample of 20 cartons filled by this machine is used to
test the null hypothesis that the mean mass of the contents 1 i, grams. Using the standard
deviation of 2.58 grams, the rejection region of the test is X < 20881 or X =211.19.

(a) Find the value of py. {b) Find the significance level of the test.

Nisha, who has diabetes, has to monitor her blood glucose fevels, which vary throughout
the day. The results from a sample of 75 readings, x, taken at random times over a week,
are summarised by ¥ x=511.5 and ) x* = 4027.89.

{a) Assuming a normal distribution, test at the 5% significance level whether Nisha’s
mean blood glucose level, ., is greater than 6.0.

(b) Find the set of values of 1 for which it would be accepted that ,u > po at the 10%
significance level. z i

(c) State, giving a reason, whether the conclusion of the test in part (a) would be valid
() if it could no longer be assumed that blood glucose level has a normal distribution,

(ii) if the 75 readings were all taken at week-ends.

A total crop weight, x kg, of each of 64 bean plants i 1s measured by a horticulturalist and
the results are summarised by Zx 303.4 and 2 x” = 1615.96, Find unbiased estimates
of the population mean and variance.

The horticulturalist wishes to test the hypothesis that the mean crop weight per plant is 5 kg
against the alternative hypothesis that the mean crop weight is less that 5 kg. Carry out the
test at the 10% significance level.

Find the smallest significance level at which the test would result in rejection of the null
hypothesis. (OCR)

An athletics coach has the use of a gymnasium which he sets out for circuit training. The
time taken for a new athlete to complete the circuit on each of a large number of occasions
is noted. The mean value of these times is 100 seconds and the standard deviation is 3
seconds. The distribution of the times may be assumed to be normal. Three months later,
after the athlete has been training daily, his times, in seconds, to complete the circuit on 10
occasions are as follows.

968 1012 982 996 980 956 980 1000 952 974

Verify that these values show, at the 5% significance level, that the athlete’s pefformance
in circuit training has improved.

Calculations based on a large number of further trials show that at this stage the mean value
of the time taken by the athlete is 98 seconds and the standard deviation is 3 seconds. What
would be the maximum fotal time for 10 circuits at some later stage which would provide
evidence, at the 5% significance level, of further improvement? (OCR)
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7 An ambulance station serves an area which includes more than 10 000 houses. It has been
decided that if the mean distance of the houses from the ambulance station is greater than
10 miles then a new ambulance station will be necessary. The distance, x miles, from the
station of each of a random sample of 200 houses was measured, the resuits being
summarised by Y x=2092.0 and ¥ x* =24 994.5,

(a) Caiculate, to 4 significant figures, unbiased estimates of
(i) the population mean distance, Y miles, of houses from the station,
(it) the population variance of the distance of the houses from the station.
State what you understand by ‘unbiased estimate’.

(b) A test of the null hypothesis 1t =10 against the alternative hypothesis ¢ > 10 is
carried out at the a% significance level, using a random sample of size 200. The
rejection region for this test is X = 10.65, where X denotes the sample mean.

{1) Calculate the value of ¢,
(i1) State the conclusion of the test using the sample data.

{c) Suppose that it could not be assumed that the distances are normally distributed. State
whether the answers to part (a) and part {b) would still hold. (OCR, adapted)
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Hypothesis testing: discrete variables

This chapter takes further the idea of hypothesis testing introduced in the previous
chapter. When you have completed it you should

¢ be able to formulate hypotheses and carry out a test of a population proportion by direct
evaluation of binomial probabilities or by a normal approximation, as appropriate

»  be able to formulate hypotheses and carry out a test of a population mean using a single
observation drawn from a Poisson distribution, using either direct evaluation of
probabilities or by a normal approximation, as appropriate.

Testing a population proportion

You may have seen advertisements for dairy spreads which claim that the spread cannot
be distinguished from butter. How could you set about testing this claim? One way
would be to take pairs of biscuits and put butter on one biscuit in each pair and the dairy
spread on the other. The pairs of biscuits would be given to a number of tasters who
would be asked to identify the biscuit with butter on it. Half the tasters would be given
the buttered biscuit first, and the other half the buttered biscuit second.

Suppose you decided to use 10 tasters. How would you set about drawing a conclusion
from your restlts? The method of hypothesis testing described in the last chapter can be
adapted to this situation. First it is necessary to formulate a null hypothesis and an
alternative hypothesis. It is usual to start from a position of doubt: you assume that the
tasters cannot identify the butter and that they are guessing. In this situation the
probability that a taster chosen at random will get the correct result is é This can be
expressed by the null hypothesis Hy:p= -% . If some of the tasters can actually identify
the butter then p > % This can be expressed as an alternative hypothesis, H:p> % .

Can you see why it is difficult to take any other null Aypoithesis?

If H, is true, the number, X, of tasters who
identify the buttered biscuit correctly is a random
variable with distribution B(lo,%). Fig. 7.1 shows
this distribution. High values of X would suggest
that H, should be rejected in favour of H,. The
most straightforward method of carrying out a

hypothesis test for a discrete variable is to use the - ‘ I { ! -
approach of Section 6.6 and calculate the { o x
probability that X takes the observed or a more

extreme value assuming that Hy is true and Fig. 7.1. Distribution B{10.3}.
compare this probability with the specified

significance level. Suppose that 9 out of the 10

people had identified the butter and you chose a

significance level of 5%.

P(X=x)

n=10.p=075
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P(X =9)=P(X=9)+P(X =10)

_{10YIV(1), [0y 1)°
Lo h2) 2) o2
~0.00976...+0.000 976...

=0.01074...
= | 07%, correct to 3 significant figures.

This probability is less than 5% so the result is significant at the 5% level. Hy, is
rejected and there is evidence, at the 5% significance level, that the proportion of people
who can distinguish the butter is greater than QL

As in the previous chapter the possible values of X can be divided into an acceptance
region and a rejection region, However the situation here is complicated by the fact that
X is a discrete variable. Table 7.2 shows the probability distribution of X.

X P(X = x)
0 00010
1 0.0098
. 2 (.0439
3 0.1172
4 0.2051
5 0.2461
6 0.2051
7 0.1172
8 0.0439
9 0.0098
0 G.0010

Table 7.2. Probability distribution for B(10.4).

For a significance level of, say, 5%, you will find that there is no rejection region which
exactly corresponds to this probability. For example, for a rejection region of X = 8, the
probability of a.result in the rejection region is 0.0439+0.0098 +0.0010 = 0.0547 and
s0 the actual significance level of the test is 3.47%; for X = 9, the actual significance
level is 0.99%. This point will be considered in more detail in Section 8.3.

The following examples show further tests of this type.

Example 7.1.1

A npational opinion poll claims that 40% of the electorate would vote for party R if there
were an election tomorrow. A student at a large college suspects that the proportion of
young people who would vote for them is lower. She asks 16 fellow students, chosen at
random from the college roll, which party they would vote for. Three choose party R.
Show, at the 10% significance level, that this indicates that the reported figuore is too
high for the young people at the student’s college.
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The null and alternative hypotheses are Hy: p= 0.4 and H,: p <0.4 respectively.
Let X be the number of students who choose party R. Under H,, X ~ B(16,0.4).
P(X=3)=P(X=0)+P(X=1}+P(X =2) + P(X =3)

- (l{f){o.cl)"(()ﬁ)“ +(115)(0.4)‘(0.6)‘5

+(126)(0.4)2(0.6)"‘ +[136)(O.4)3(0.6)’3
- 0.000 28...+0.00300...+0.01504...+ 0046 80...

=0.06514 ...
=6.51% < 10%.

The result is significant at the 10% level. This indicates that the reported figure is
too high for young peopie at the student’s college.

Example 7.1.2
In ozrder to test a coin for bias it is tossed 12 times. The result is 9 heads and 3 tails. Test,
at the 10% significance level, whether the coin is biased.

This is a two-tail test since, before the coin is tossed, there is no indication in
which direction, if any, it might be biased. If the coin is unbiased, the probability
of a head (or atail)is p= é .

The null and alternative hypotheses are Hy: p = J2~ and H;:p# % respectively,

Let X be the number of heads resulting from 12 tosses. Under Hy,
X ~ B(12,0.5). On average you wonld expect 6 heads. The observed value of 9 is
on the high side 50,

P(X=0)=P(X=9)+P(X=10)+P(X=11)+P(X =12)
(G -G 6
(ka3 -(ala) G)

=005371...4001611...+000262...+000024...

= 007299 ..
=7.30%, correct to 3 significant figures.

Since this is a two-tail test at the 10% significance level, this probability must be
compared with 5%. Since 7.30% > 5% the result is not significant and the null
hypothesis is not rejected: there is insufficient evidence, at the 10% level, to say
that the coin is biased.
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To carry out & hypothesis test on a discrete variable, calculate the probability
% of the observed or a more extreme value and compare this probability with

% the significance level. For a one-tail test, reject the null hypothesis if this

¢ probability is less than the significance level; for a two-tail test reject the nuli
% hypothesxs if this probabmty is less than half of the sxgmﬁcance level.

Exercise 7A

1 A large housing estate contains a children’s playground, and on one particular evening
12 boys and 6 girls were playing there. Assuming these children are a random sample of all
children living on the estate, test, at the' 10% significance level, whether there are equal
numbers of boys and girls on the estate.

2 An advertisermnent in a newspaper inserted by a car dealer claimed, ‘At least 95% of our
customers are satisfied with our services.’

In order to check this statement a random sample of 25 of the dealer’s customers were
contacted and 22 agreed that they were satisfied with the dealer’s services. Carry out a test,
at the 5% significance level, of whether the data support the claim.

3 The lengths of nails produced by a machine have a normal distribution with mean 2.5 cm.
A random sample of 16 nails is selected from a drum containing a large number of these
nails. The nails are measured and 13 are found to have length greater than 2.5 cm. Test, at
the 2 %% significance level, whether the mean length of the nails in the drum is greater
than 2.5 cm. State where in the test the information that the nails have a normal distribution
is used.

4 A testof ‘telepathy’ is devised using cards with faces coloured either red, green, blue or
yellow, in equal numbers. When a card is placed face down on a table, at random, Dinesh
believes he can forecast the colour of the face correctly. The cards are thoroughly mixed,
one is selected and placed face down on the table and Dinesh forecasts the colour of the
face. This procedure was repeated 10 times.

It is given that Dinesh was correct on $ occasions, Test, at the 5% significance level, whether
the probability that Dinesh forecasts the colour of a card correctly is greater than ;}; .
8 A dice is suspected of being loaded to give fewer sixes when thrown than would be
" expected from a fair dice. In order to test this suspicion, the dice is thrown 30 times. One
six is obtained.
(a) Find the p-value of a test of the suspicion.

(b) Is the suspicion confirmed at the 5% level? : .
6 A magazine article reported that 70% of computer owners use the internet regularly, Marie

believed that the true figure was different and she consulted 12 of her friends who owned
computers. Twelve said that they were regular users of the internet.

(a) Test Marie’s belief at the 10% significance level.

(b) Comment on the reliability of the test in the light of Marie’s sample.
T T U Y

S A R R S TR S T
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7.2 Testing a population propertion for large samples

When the sample is large, you can calculate probabilities by using the fact that the
binomial distribution can be approximated by the normal distribution. The following
examples illustrate the method.

Example 7.2.1

In a multiple choice paper a candidate has to select one of four possible answers to each
question. On a paper with 100 questions a student gets 34 correct answers. Test, at the
5% significance level, the null hypothesis that the student is guessing the answers.

If the student is guessing the answers then the probability that any one answer is
correct is }f. If the student is not guessing then the proportion of correct answers
should be greater than this.

The null and alternative hypotheses are Hy: p = % and Hyzp > Eli respectively.
Let X be the number of correct answers. Under Hy, X ~ B(100,1).

The probability of the observed or a more extreme value is P(X = 34). In order to
find this probability, X ~ B(IOO,%) is approximated by a normal distribution with

U=np= 100><5325,
6% = npg = 100Xt x 3 =18.75,
So X ~ B(100,1) is approximated by V ~N(25,18.75).

P{X = 34)=P(V = 33.5) (using a continuity correction)

33.5—25)
=pl 733522
( J1875

=P{Z=1963) .
=1~ ®(1.963) =1-0.9752
=0.0248 = 2 48% < 5%.

The null hypothesié can be rejected: there is evidence, at the 3% significance
level, that the student is not guessing.

Alternatively, there is no need to carry the calculation beyond the point where the value
of Z (= 1.963) is obtained. Instead you can use the idea of a rejection region, which
was developed in Section 6.4. For a one-tail test at the 5% significance level, the
rejection region for the test statistic Z is Z21.645. The observed value of Z is in

the rejection region and H is rejected, as before. You can use whichever method

you prefer.

The following is an example of a two-tail test.
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Example 72.2

If births are equally likely on any day of the week then the proportion of babies born at
the week-end should be % . Out of a random sample of 490 children it was found that
132 were born at the week-end. Does this provide evidence, at the 5% significance level,
that the proportion of babies born at the week-end differs from %?

The null and aliernative hypotheses are Hy:p = % and Hy:p # 37- respectively.
Let X be the number of babies born at the week-end. Under Hy, X ~ B(490,3).
Approximate X by V ~N{490x 2,490 x 2 x 3} = N(140,100).
Since 132 is lower than 140, the mean under Hg, find

P(X =132) = P(V = 132.5)

132.5 - 140
=pl 7 1320140
( V100 )

=P(Z< -0.75).

For a two-tail test at the 5% significance level the rejection region is | Z|=1.96.
The calculated value of | Z| is 0.75, which does not lie in the rejection region. The
valte of 37 for the proportion of babies born at the week-end is accepted.

I you wish to work with probabilities, you would continue the calcuiation fo find
P(Z = -0.75) = 0.2266 = 22.66%. Since 22.66% > 2 %«% (remember that this is a fwo-
tall test) the null Aypothesis is not rejected.

L.~ A jar contains a large number of coloured beads, some of which are red. A random sample
of 80 of these beads is selected and 19 are found to be red. Test, at the 10% significance
level, whether 30% of the beads in the jar are red.

2 A new cold relief drug is tested for effectiveness on 150 volunteers, and 124 of them found
the drug beneficial. The manufacturers believe that more than 75% of people suffering
from a cold will find the drug beneficial. Test the manufacturers” belief at the 2%%
significance level.

3 A selting price of $22 000 has been proposed for a new model of car manufactured by a
large company. The price will be adopted if more than 40% of potential cusiomers are
willing to pay that price. A sample of 50 potential customers were supplied with the car’s
specification and 29 agreed to pay the proposed price. Carry out a test, at the 1%
significance level, to decide whether the company should adopt the price of $22 000.

4" A parcel delivery service claims that at least 80% of their parcels are delivered within 48
hours of posting. A check on 200 parcels found that 152 were delivered within 48 hours of
posting. Test the delivery service’s claim at the 5% significance level.
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5 In Zimbabwe, 8% of males are colour-blind. A random sample of 500 males was selected
from a town in Zimbabwe and 53 men were found to be colour-blind. Find the
p-value of the test of whether the town contains a different proportion of colour-blind
males than in Zimbabwe as a whole.

What would be the conclusion of the test at the following significance levels:
(@) 5%, (b) 2%?

6 The drop-out rate of students enrolled at a certain university is reported to be 13.2%. The
Dean of Students suspects that the drop-out rate for science students is greater than 13.2%,
and she examines the records of a random sample of 95 of these students. The number of
drop -outs was found to be 20. Test the Dean’s SUSplCiOﬂ at the 2% mgmﬁcance level.

Testing a population mean for a Poisson distribution

The ideas developed in this and the previous chapter can also be applied when the Poisson
distribution is a suitable model for the population from which the sample is drawn.

Example 7.3.1

In the past an office photocopier has failed, on average, three times every two weeks. A
new, mare expensive, photocopier is on trial which the manufacturers claim is more
reliable. In the first four weeks of use this new photocopier fails once. Assuming that the
faifures of the photocopier occur independently and at random, test, at the 5% significance
level, whether there is evidence that the new photocopier is more reliable than the old one.

If the failures of the photocopier occur independently and at random then the
number of failures in a given time interval can be modelled by a Poisson
distribution. The null hypothesis will be a theory of ‘no change’; that is, the new
photocopier fails 3 times every two weeks on average. So 4, the mean number of
failures per week, is equal to 1.5,

The null and alternative hypotheses are Hy:4 =1.5 and H;:A < 1.5 respectively.

Let X be the number of failures in a four-week period. Under H,,
X ~ Po(4x 1.5) = Po(6).

The observed value of X is 1.
6
P(X<l)=e®+e™® 0
=0.002478...+0.014 872...
=0.017135...
=1.74%, correct to 3 significant figures.

Since 1.74% < 5%, the result is significant at the 5% significance level and there
is evidence that the new photocopier is more reliable than the old one.

Encouraged by this result, the office decides to continue using the new photocopier for the
rest of the year. The results are analysed in the following example.
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Example 7.3.2

The number of failures in the rest of the first year is 57. Using the results for the whole
year, test, at the 5% significance level, whether the new photocopier is more reliable
than the old one.

The null and alternative hypotheses are Hy:A =1.5 and H,:A < 1.5 respectively,
as before, where A is the mean number of failures per week.

Let X be the number of failures in 52 weeks. Under Hy, X ~ Po(52x 1.5) ~ Po(78).

The observed value of X is 1+ 57, which is 58. Since A >15, P{X < 58} can be
caleulated using the normal approximation {see Section 1.6).

X ~ Po(78) is approximated by ¥ ~ N(78,78) with a continuity correction.

P{X < 58) = P(Y < 58.5)

58578
=Pl Z<—F—
( 78 )

= P(Z < 2.208).

For a one-tail test at the 5% significance level the rejection level is Z = —1.645.
The calculated value of Z is ~2.208. Since this lies in the rejection region the
nuil hypothesis is rejected. The test confirms the result of the previous test (in
Example 7.3.1) that the new photocopier is more reliable than the old one.

If you wish to work with probabilities, you would continue the calculation fo find
P(Z < —2.208) =0.0135=1.35%. Since 1.35% < 5%, the null hypothesis is rejected.

Practical activities

1 A matter of taste  Can people distinguish between different varieties of cola-
flavoured drink? Choose two brands. Present each person in your sample with two
glasses of one brand and one of the other and explain that you are going to ask them to
pick the odd one out. You should toss a coin in order to decide which brand is presented
twice. The glasses should be given in a random order and it would be helpful to give
each person a glass of water to clear their palate if necessary. Allow people to retaste the
drinks if they wish. If there are noticeable differences in colour between the two brands
then you could use a mixture of differently coloured plastic beakers in order to conceal
this. Ask as large a sample of people as possible and record whether or not they pick the
odd drink out correctly.

What is the probability that a person will correctly pick the odd drink out if there is no
detectable difference in flavour? Carry out a hypothesis test taking as your nuil
hypothesis that p has this value.

2 Crossed arms  Most people have a very marked preference for the way in which
they cross their arms. Try this out for yourself. Cross your arms and note which forearm
is on top. Now try to cross your arms with the other forearm on top. You will probably
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find that this requires a bit of thought! Is a person chosen at random equaily likely to
prefer left over right as right over left? Ask a number of people to cross their arms and
note which forearm is on top. Collect results from as large a sample as possible and test
Hyip= % ,Hyi:p# % ,where p is the probability that a person crosses their arms right
over left.

3 A test of ‘telepathy’  Carry out an experiment similar to the one described in
Question 4 of Exercise 7A. There is no need to limit the experiment to 10 trials.

Exercise 7C

1 The random variable X has a Poisson distribution with mean 4. A single observation of _
X has the value 4. Test the null hypothesis A =2 against the alternative hypothesis A >2
at the 5% significance level.

2 The number of car accidents that occur along a certain stretch of road may be assumed to
have a Poisson distribution with mean 4 per week. In the first two weeks after a new
warning sign had been erected, 3 accidents occurred on the road. Test, at the 5%
significance level, whether this indicates a reduction in the mean accident rate.

During the next 3 weeks LI accidents occurred on the road. Does this extra information
alter the conclusion of the test?

3 A company manufactures 5 m{np fuses and, under normal conditions, 7% of the fuses are
faulty. They are packed in boxes of 60.

(a) Explain why the number of faulty fuses in a randomly chosen box has an approximate
Poisson distribution.

(b} A box randomly chosen from a day’s production has 1 faulty fuse. Test, at the
5% significance level, whether the percentage of faulty fuses on that day is lower
than 7%.

4 The number of errors in a page of manuscript word-processed by my secretary has a
Poisson distribution with mean 1 4. [ received a manuscript on a particular day and counted
4 errors on a randomly chosen page. Test, at the 10% significance level, whether this
indicates that the manuscript was not word-processed by my secretary.

5 Between January and March, the number of emergency calls received by a power company
occur randomly at a uniform rate of 6 per day. During three days in May the power
company received a total of 9 emergency calls. Find the p-vilue of a test of whether the
mean number of emergency calls per day, in May, is less than 6.

What can be _%gricluded at the 5% significance level?

6 Over a period of limé it has been found that the mean number of letters per week passing
through a srngb_o)r;iig office is 3245. In the week following a campaign to promote letter
writing 3455 Tetters passed through the office. Assuming that the number of letters per
week can be modelled by a Pisson distribution, test, at the 5% level, whether there is
evidence that the publicisy’campaign has been effective.
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Miscellaneous exercise 7

Part A contains questions on this chapter only. Part B contains questions on the contents of
both Chapters 6 and 7.

Part A

1 A leading newspaper reported that 2 out of every 3 female football club fans were able to
explain the offside law correctly. Gaussian Rovers supporters believed that more of their
female fans could explain the law correctly. To prove their point a random sample of 20
female Gaussian Rovers fans was questioned outside Bell Park after a match, and 17 were
able to explain the offside law correctly.

(a) Carry out a test, at the 10% significance level, of the hypothesis that the proportion of
female Gaussian Rovers fans that can explain the offside law correctly is more than % .
{b) Have the supporters ‘proved their point’?

‘2 The probability of a drawing pin landing point up when dropped onto a horizontal floor
from a height of one metre is denoted by p. When the drawing pin is dropped 25 times it
lands point up 5 times.

Test the null hypothesis p = 0.4 against the alternative hypothesis p <0.4 at the 2 é%
significance level.

3 Itis suggested that one-third of all mathematicians are left-handed. In a survey, 51 out of
174 mathematicians were found to be left-handed. Assuming that the sample was random,
carry out a test, at the 5% significance level, of whether or not the sample confirms the
suggestion. (OCR, adapted)

4 In the promotion of Doggo, a new animal food, it was asserted that more dogs prefer the
new food to the current brand leader. In a test of this assertion, 40 dogs were given a choice
of Doggo and the current brand leader.

{a) Find the smallest number of dogs that would have to prefer Doggo for the promoter’s
assertion to be accepted at the 5% significance level.

(b} What then is the significance level of the test?

5 A supermarket buys a large batch of plastic bags from a manufacturer to be used in the
store. In previous batches 7% of the bags were defective. A quality control manager wishes
to test whether the batch has a higher defective rate than 7%, in which case the batch will
be returned to the manufacturer. He examines 125 randomly selected bags and finds that 14
are defective. Carry out the manager’s test at the 3% significance level and state whether he
should return the batch.

6 During the period from May 1999 to April 2002, 18 lap-top computers were lost by
employees at an international company. After a vigorous enquiry it was hoped that the rate
of loss wouid drop.

(a) State what must be assumed for the number of lap-top computers lost during a fixed
period of time to have a Poisson distribution.

(b) Find the greatest number of lap-top computers that can be lost during the next year in
order to be significant, at the 2 % % significance level, of a drop in the loss rate.
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7 _.A machine that weaves a carpet of width 2 m produces slight flaws in the carpet at a rate of
-~ 18 per metre length.

{a) State what must be assumed for the number of flaws in a given length of carpet to have
a Poisson distribution.

(b} After the machine is given an overhaui a random sample of 3 m length of the carpet is
examined and found to have 2 flaws. Test, at the 5% significance level, whether the
rate of incidence of the flaws has decreased.

(c) A further 20 m length of the carpet is found to have 9 flaws. Pooling the two results,
determine whether the conclusion of the above test changes.

8 Wild flowers of a certain species grow randomly in‘a forest area and at a uniform rate of
" 7.6 per 10000 m®.

{a) Suggest a suitable probability distribution of the number of the flowers that grow in an
area of 2500 m* of the forest.

(b) After an unusually busy month, when the forest was visited by a large number of
tourists, the forest managers wished to investigate whether the number of flowers of
the species had decreased. In a pilot test a randomly chosen 2500 m? of the forest was
studied and found to contain no flower of the species. Test whether this indicates, at
the 5% significance level, that the number of flowers of the species has decreased.

(¢) In a further study, the managers examined 50 randomly selected areas of 2500 m?
of forest. In 13 of the arcas no flower of the species was found. Using a significance
level of 5%, test whether this indicates that the number of flowers of the species has
decrcased.

Part B
9 The mass of Vitamin E in a capsule made by a drug company is normally distributed with
mean 4 mg and standard deviation 0.058 mg. A random sample of 16 capsules was
analysed and the mean mass of Vitamin E was 4.97 mg. Test, at the 2% significance level,
the null hypothesis u = 5.00 against the alternative hypothesis y < 3.00.

10 The proportion of patients who suffer an allergic reaction to a drug used to treat a particular
medical condition is assumed to be 0.036. When 500 patients were treated with the drug,
28 suffered an allergic reaction. Test, at the 5% significance level, whether the quoted
figure-of 0.036 is an underestimate, (OCR, adapted)

11 Students using a college canteen for lunch paid an average of £1.74 during 2000. A new
 catering company was appointed in 2001 and after the company had provided food for cne
month a random sample of 60 students was asked to state the amount spent daily on lunch.

The results, £ x , were surnmarised by Zx =118.80 and sz =271.81. Test, at the 3%

significance level, whether the average amount paid by students for lunch had increased.

The person who carried out the above test included in his report the following incorrect
statement. Give a corrected version. ‘It is not necessary for the population to have a normal
distribution since the sample size is large and the Central Limit Theorem states that any
sufficiently large sample is normal.’ (OCR, adapted)
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12 A firm manufactures glass vases and the proportion of defective vases is 0.2. The quality

" control department wants to reduce the proportion of defective vases and makes changes to
the manufacturing procedure. A random sample of 25 vases is then examined and 2 are
found to be defective. Find the p-value of a test of whether the proportion of defective
vases has been reduced. Give the conclusion of the test at the 10% significance level.

13 - In a certain town, the radioactive count due to background radiation is, on average, 6

" particles per minute. Following an accident at a nearby nuciear power station, a count of 72
particles was obtained for a time interval of 10 minutes. Test, at the 5% level, whether this
result indicates that the average background radiation has increased.

What count wounld have to be obtained for a time interval of 10 minutes in order for the
result to be significant at the 5% level?

14 The age, x years, of each of the women giving birth at a maternity hospital in the year
2000 was recorded correct to 1 decimal place. In a random sample of 120 cases it was
found that ¥ x = 3468 and . x* =110 151. The ages of all women giving birth in the
hospital has mean g years and standard deviation ¢ years.

{2) Calculate unbiased estimates of ¢ and o’

(b) Carry out a significance test, at the 5% significance level, in which the null hypothesis
4 = 30.0 is tested against the alternative hypothesis it <30.0.

(c) It was subsequently found that an error had been made in recording the value of Z x?
for the sample. Find the greatest actual value of Y x* for the sample which would
give rise to a different conclusion in part (b). (OCR, adapted)

15 On average, 4 out of 5 new television sets of a particular brand are fault-free during the
first year of purchase. A new design is marketed and a random sample of 20 sets is
monitored by the manufacturer over a period of a year. The number of fault-free sets during
this period was 19.

(a) Test, at the 5% significance level, whether the proportion of fault-free sets of this new
design is greater than 4 out of 5.

(b) What is the smallest significance level at which it would be accepted that the
proportion of fault-free sets is greater than 4 out of 37

16 The lifetime of a Brightray battery has a normal distribution with mean g hours and
standard deviation 4% hours. A random sample of 36 batteries is selected and the sum of
the lifetimes is found to be 585 hours.

(a) Show that the null hypothesis y = 15 cannot be rejected, at any significance level, in
favour of the alternative hypothesis p <155 L,

(b) Find the p-value of the test of the null hypomesw p=151 5 against the altematlve
hypothesis t> 155 L.

What is the cdnclusion of the test at the 5% significance level?
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17 The average number of calls received each day by a telephone Help Line was 1.5, Aftera
publicity campaign in the press and on radio, it was found the total number of calis to the
Line, over a period of 2 days, was 3.

(a) State a suitable probability distribution to use in a test of whether the daily average
number of calls to the Line has increased.

What must be assumed for the validity of the chosen probability distribution?
(b) Carry out the test at the 5% significance level.

lff/ _O¢casionally the intruder alarm at a warehouse goes off incorrectly. On average, such

-7 false alarms occur 6 times a year. During a particular month there were three false alarms.
Assuming that false alarms can be treated as random events, at what significance level
can it be accepted that the mean number of false alarms for this period is greater than
6 per year?

19 A student answers a test consisting of 12 multiple choice questions, in each of which the
correct response has to be selected from four possible given answers. The student only gets
2 of the questions correct and the teacher claims that “this shows that the student did worse
than anyone would do just by guessing’. Denoting the probability of the student answering
a question correctly by p, carry out a suitable test to investigate the teacher’s claim at the
10% significance level.

Hence state with a reason whether you agree with the teacher’s claim. (OCR, adapted)

y&etal washers are produced in a factory in batches of 10 000. In the production process

occasional faults occur at random, resulting in defective washers being produced. On
average, the proportion of defective washers is 0.03%. Explain why you would expect a
Poisson distribution to provide a suitable model for the number of defective washers in a
batch.

Using a Poisson distribution, show that approximately 5% of batches contain no defective
washers.

Following a change in the manufacturing procedure it is suspected that the proportion of
batches containing no defective washers is now greater that 5%. It is desired to test whether
this is the case. State appropriate hypotheses for a significance test.

Carry out the test, at the 10% significance level, given that in a random sample of 10
batches there were 2 containing no defective washers. (OCR, adapted)

21 Cartons of milk are tested by a consumer association both for quantity and for ease of
opening. A random sample of 100 cartons is examined and the quantity, x litres, of milk in
each carton is determined. The results are summarised by z(x —1)=1.21 and '
Z(x —1)? =0.5377. Test, at the 5% significance level, whether the mean guantity of milk
in a carton is 1.005 litres against the alternative hypothesis that it is greater than

© 1.005 litres.

A cheaper design of carton is introduced and the consumer association decides to carry out
a new test. A random sample of 100 cartons is tested and 53 are found easy to open. Test,
at the 5% significance level, whether the proportion of cartons that are easy to open i less
than 65%. {OCR, adapted)
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22 A store discovers that its credit card machine rejects, on average, one card in every 890
transactions. Let X denote the number of rejections in a randomly chosen 2136
transactions.

{(a) Explain why the distribution of X may be approximated by a Poisson distribution.

(b) On a particular day when there were 2136 transactions the number of rejected cards
was 6. Test, at the 5% significance level, whether there is evidence that the average
number of rejected cards has increased.

23 The manufacturers of a certain type of laser printer state that when used under “typical
business conditions’ the toner cartridge in the printer should last for “approximately 3000
pages’. A survey involving 150 randomly chosen printers used in business was carried out
and the number of pages, x, printed before a new toner cartridge had to be replaced is
summarised by > x = 4.731x 10° and sz =1.620 %10, each correct to 4 significant
figures. Carry out a test, at the 2%% significance level, that the mean number of pages that
can be printed is 3000 against the alternative hypothesis that it is greater than 3000.

The printer manufacturers consider that their printer produces noticeably higher quality
print than other, comparable machines. Of a random sample of 150 users who were asked
their opinions about this, 51 agreed with the manufacturers and the remainder either
disagreed or had no opinion. Test, at the 5% significance level, the null hypothesis that the
proportion of users agreeing with the printer manufacturers about the print quality is 40%
against the alternative hypothesis that it is not 40%. (OCR, adapted)
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Errors in hypothesis testing

This chapter investigates the situation where the wrong conclusion is drawn from a
hypothesis test. When you have completed it you should

¢  know what Type I and Type I errors are
¢ be able to calculate probabilities of Type I and Type 1I errors in the context of the
normal, binomial and Poisson distributions.

Type I and Type Il errors

When you carry out a hypothesis test your final step is to reject or to accept the null
hypothesis. For example, in the situation described in Section 7.3, where a new
photocopier was being tested, the users of the photocopier had to choose between the
conclusions

(a) the new photocopier is better than the old one or
(b) the new photocopier is not better than the old one.

The result of the hypothesis test will help the users to decide on their next action. If they
came to conclusion (a) they would probably decide to keep the new photocopier; if they
came to conclusion (b) they would probably keep the old photocopier. Similarly, the
teachers described in Section 6.1, who were trying out a new reading scheme, had to
choose between '

(c) the new reading scheme is better than the old one or
(d) the new reading scheme is not better than the old one.

If they came to conclusion (c¢) they would probably introduce the new scheme: if they
came to conclusion (d) they would probably stick to their current reading scheme.

When such a decision is made after carrying out a hypothesis test, it may be either
correct or incorrect. You can never be absolutely certain that you have made the right
decision because you have to rely on a limited amount of evidence. For example, the
photocopier can only be tested for a limited period; the reading scheme can only be
tested on a sample of children. The situation is similar to that in a trial where the
defendant is found either guilty or not guilty on the basis of the evidence brought
forward. In this case there are four possible situations (which are mutually exclusive).

The defendant is innocent and is found not guilty: in this case the decision is correct.
The defendant is innocent but is found guilty: in this case the decision is incorrect.
The defendant is guilty but is found not guilty: in this case the decision is incorrect.
The defendant is guilty and is found guilty: in this case the decision is comect.

Suppose that in a criminal court of law a defendant is assumed innocent unless found
guilty ‘beyond reasonable doubt’. The initial assumption of innocence is equivalent to
the null hypothesis and the theory that the defendant is guilty is equivalent to the
alternative hypothesis. Deciding what constitutes ‘beyond reasonable doubt” is
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equivaient to setting a significance level. Similarly in a hypothesis test there are four
possible situations, again mutually exclusive.

Hy is true and Hg is accepted: in this case the decision is correct.

Hy, is true but Hj, is rejected: in this case the decision is incorrect.

Hy is not true but Hy, is accepted: in this case the decision is incorrect.
Hy is not true and H is rejected: in this case the decision is correct.

You can see that there are two different ways in which an incorrect decision could be
made. In order to distinguish between them they are called Type I and Type I errors.

S5
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o
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Z A Typelerror is made when a true null hypothesis is rejected.

. , - &
§§ A Type I error is made when a false null hypothesis is accepted. &
5
B e :

Making an incorrect decision can be costly in various ways. For example, suppose that a
fire alarm was tested to see whether it was still functioning correctly after a power cut.
You might take as the null and alternative hypotheses

Hj the alarm is functioning correctly,
H,: the alarm is not functioning correctly.

A Type Ii error in this situation would mean that you assumed that the alarm was
functioning correctly when in fact it was not. This could result in injury, loss of life or
damage to property. A Type L error would mean that you thought the alarm was not
working correctly when in fact it was. This could mean expenditure on unnecessary
repairs or replacement.

Try fo analyse in a similar way the costs’ of making Type ! and Type I errors for
(al the pholocopier example
(b} the reading scheme example.

The examples given in this chapter should make you appreciate that it is important to
assess the risk of making errors when carrying out a hypothesis test. In order to do this
you have to calculate

P(Type 1 error) = P(rejecting Hy, { Hy, true)
and P(Type il error) = P(accepting H, | H, false).

The follbwing sections show you how these probabilities are calculated for the different
types of test which you have met in Chapters 6 and 7. '

Type I and Type I1 errors for tests involving the normal distribution

If you ook back to Section 6.3, which considered continuous variables, you will see that
the probability of the test statistic falling in the rejection region, when H, is true, is
equal to the significance level of the test. If the test statistic falls in the rejection region
then H, will be rejected when it is in fact true; that is, a Type I error will be made.
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When the distribution of the test statistic is continuous,
P{Type I error) is equal to the significance level of the test.

The choice of significance level for a hypothesis test is thus related to the value of
P(Type 1 error) which you are prepared to accept. The choice of a significance level
shouid depend in the first instance on how serious the consequences of a Type I error
are. The more serious the consequences, the lower the value of the significance level
which should be used. For example, if the consequences of a Type I error were not
serious, you might use a significance level of 10%; if the consequences were very
serious you might use a significance level of 0.1%.

Consider the reading scheme example. A Type I error in this case would mean that the
new scheme was adopted even though it did not produce better results. As a result
money would be wasted on a new scheme which was no better than the old. If the new
scheme is not any better and the teachers use a 5% significance level then there a 1 in 20
chance that the money will be wasted. If the new material is very costly then the
teachers might feel that such a risk is unacceptable and choose a significance level of
1% or even less depending on the resources of their school. If on the other hand the new
scheme js not very expensive, or they need to replace their reading material anyway,
then they might take a significance level of 10% or even 20%.

A Type Il error involves accepting a false null hypothesis, which means that you fail to
detect a difference in 4. You would expect the probability of this happening to depend
on how much ¢ has changed: if there is a small difference in 1t it could easily go
undetected but if there is a big difference in g then you would expect to detect it. This
is why the alternative hypothesis has to be defined more exactly before P(Type 11 error)
can be calculated,

The following example illustrates the method.

Example 8.2.1 )

A machine fills ‘one litre” water bottles. When the machine is working correctly the contents
of the bottles are normally distributed with mean [.002 litres and standard deviation

(.002 litres. The performance of the machine is tested at regular intervals by taking a sample
of 9 bottles and calculating their mean content. If this mean content falls below a certain
value, it is assumed that the machine is not performing correctly and it is stopped.

(a) Set up null and alternative hypotheses for a test of whether the machine is working
correctly.

(b) For a test at the 5% significance level, find the rejection region taking the sample
mean as the test statistic.

(c) Give the value for the probability of a Type 1 error.

(d) Find P(Type Il error} if the mean content of the bottles has fallen to the nominal
value of 1.000 litre.

(e) Find the range of values of ¢ for which the probability of making a Type Il error is
less than 0.001.
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(a) Hg: it =1.002 (the machine is working correctly),

H;:u < 1.002 (the mean content has fallen).

2
(b)Y Under Hy, X ~ N(I.OOZ,O'OGZ )

For a one-tail test for a decrease at the 5% level, the rejection region for the test
statistic 7 is Z < —1.645. Since Z =2 his means that ~— 1002
il j0.002”

n 9

Rearranging gives the rejection region for the sample mean as
X =1.00090...=1.0009, correct to 4 decimal places.

= —1.645.

(c) For a continuous test statistic, P(Type I error) = significance level = 0.05.
(d) P(Type Il error) = P(accepting Hy | Hy false)
= P(X > 1.00091 # = 1.000),

that is P(_X is in acceptance region | (£ is no longer 1.002 but I.O{)O).

>E.00090...—1.000

\/9.0022
9

=1-®(1.355)=1-09123=0.0877.

P(X>1.00091y = 1.000)=P|Z =P(Z >1.355)

These results are illustrated in Fig. 8.1. The broken curve shows the distribution of X

if Hy is true, and the solid curve shows the distribution if H, is true and the mean

has fallen to 1.000. The hatched area shows P(Type 1 error) and the solid shaded
area shows P({Type Il error) .

P(Type IJ error)

2
<
2
=|

Accept H, . Accept I

Fig. 8.1. Type I and Type I errors.

(e) First find the value of z for which the probability of making a Type I error is
0.001. Looking back to part {d) this would require ®(z)=0.999 and hence z = 3.090.
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The value of i which gives this value can be obtained from

10009 —u
0.002>
9

z=3090 =

Solving gives u =0.9988.
So for u <0.9988 the probability of making a Type II error is less than 0.001.

In Example 8.2.1 the consequence of setting the significance level at 5% is that there is a
probability of 5% of stopping the machine unnecessarily when it is working correctly. With
this significance level the probability of failing to detect that the mean content of the bottles
has fallen to the nominal value of 1.000 litre is 8.77%. It is interesting to see what happens to
P(Type I error) when a lower significance level is used. This is done in the next example.

Example 8.2.2
Repeat Example 8.2.1 parts (b} to (d) with a significance level of 1%.

{(b) For a one-tail test for a decrease at the 1% level, the rejection region for the
test statistic Z is Z = —2.326 so

X ~1.002
0.0022

9

= - 2.326.

Rearranging gives the rejection region for the sample mean as X <100045.
{(c) P{Type I error) = significance level = 001,
(d) P(Type Il error) = P(accepting H, | Hy, false)

= P(X > 1000 4511 =1.000),

that is P("X_ is in acceptance region | i is no longer 1.002 but 1.000).

P(X > 1000 451 = 1.000) = P 7z 1000451000

=P(Z> 0.674)
=1-®(0.674) =1—0.7499 = 0.2501.

For this second calculation, at the 1% significance level, the value of P(Type I error) has
been reduced but the value of P(Type I error) has increased. You would expect this result
from looking at Fig. 8.1. If the critical value is altered so that one type of error increases,
the other will decrease. This means that in setting a significance level it may be necessary
to assess the risks involved in committing both types of error and balance one against the
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other. The only way in which both types of error can be reduced at the same time is by
taking a larger sample, so that the overlap of the distributions in Fig. 8.1 is reduced.

The following example shows how to calculate P{Type I error) for a two-tail test.

Example 823

Boxes of dried haricot beans have contents whose masses are normally distributed with
mean /4 and standard deviation {5 grams. A test of the null hypothesis (= 375 against
the alternative hypothesis p # 375 is carried out at the 5% significance level using a
random sample of 16 boxes.

(a) For what values of the sample mean is the alternative hypothesis accepted?
(b) Given that the actual value of g is 380, find the probability of making a Type If
exror, (OCR, adapted)

- 15°
(a) Under Hy, X ~N 375,—1—8u .

For a two-tail test at the 5% significance level, the rejection region is | Z|=1.96.
X —375
j1s?
16

You can check that when Z =196, X =382.35,and when Z=-196, X =367.65.
Thus the alternative hypothesis is accepted when X = 382.35 or X < 367.65.

Now Z =

(b) P(Type Il error) = P(382.35 > X > 367.65 | 1 = 380}

- p 382.35-1380 N 367.65-380

16 16
=P(0627 > Z > ~3.293)
= $(0.627) - (1 - D(3.293))

=0.7347—(1-0.9995)
= (0.734, correct to 3 decimal places.

Exercise 8A

1 The random variable X has a normal distribution with mean g and variance 12.8. A test,
at the 5% significance level, of the null hypothesis £t =5 against the alternative hypothesis
# > 5 is carried out using a random sample of 20 observations of X.

(a) Give the rejection region of the test, in terms of the sample mean, X.

(b) Find the probability of a Type II error in the test when the true value of g is 7.
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2 Inatest of the quality of Luxiglow paint, which is intended to cover an area of at least
10 m? per litre can, a random sample of 15 cans is tested. The mean area per can covered
by the 15 cans is denoted by X m?. It may be assumed that the area covered by a can has a
normal distribution with standard deviation 0.51 m*,

(a) Find,in terms of X, the rejection region of a test, at the 2 % % significance level, that
the mean area covered by all litre cans of the paint is at least 10 m®.

(b) For a particular sample, X =10.3. State the type of error that could not occur.

(¢) Given that the mean cover per can of paint is actually 9.6 m?, calculate the probability
of making a Type II error in the test.

3 1In a quality control check 5 randomly selected packs of butter are weighed. The masses of
all packs of butter may be assumed to have a normal distribution with mean g grams and
standard deviation 2.7 grams. A test of the null hypothesis 4 = 247 against the alternative
hypothesis (it # 247 is carried out at the % significance level. It is decided to accept the
null hypothesis if the sample mean lies between 243 grams and 249 grams.

{(a) Find the value of «.

(b} Given that the actual value of i is 250, find the probability of making a Type Il error
in the test,

{c) . What can be said about the probability of making a Type Il error when the value of u
is greater than 2507

4 The number of daily absences by employees ofa large company has mean 1.94 and
© standard deviation 0.22. A new system of working is introduced in the hope that this will
reduce the number of absences, and it is found that there were 68 absences during the first
40 days of the new system. Treating the 40 days as a random sample

(a) test, at the 5% significance level, whether the new system had the desired effect,

(b) calculate the probability of making a Type Il error in the test in part (a) when the mean
number of absences is actually 1.8,

(c) state, in the context of the question, what is meant by a Type I error.

5 Studies have shown that the time taken for adults to memorise a list of 12 words has mean
" 3.8 minutes and standard deviation 1.8 minutes. Taking a course in memory techniques is
believed to reduce the mean. To investigate this belief a test, at the 5% significance level, is
proposed based on a random sample of 36 people who took the course. Each was given the
same list of 12 words to memorise.

(a) Find the rejection region of the test in terms of the sample mean time. Assume that the
standard deviation remains at 1.8 minutes. )

(b) Given that the actual mean time for the 12 words is 2.9 minutes after taking the course,
find the probability of making a Type I error in the test.

Suppose now that the test is based on a random sample of 40 people.

(¢} Show that the probability of making a Type II error (when the actual mean time is
2.9 minutes) is smaller than that found in part (b).
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_~6 The breaking strength of lengths of wire required in the manufacture of a certain piece of
machinery has a normal distribution with mean 30 N and standard deviation .38 N.
A random sample of 9 lengths of the wire is tested to determine whether the population
mean breaking strength is less than 30 N . A Type I error for the test has probability 0.04.

(a) Find the set of values of the sample mean breaking strength for which it would be
accepted that the mean breaking strength is not less than 30 N.

(b) Given that the probability of making a Type H error in the test is to be less than (.023,
find the set of possible values of the actual mean breaking strength.

Type I and Type I1 errors for tests involving the binomial distribution

In Section 7.1 you met the idea that, for a discrete distribution, it is not usually possible
to find a rejection region which corresponds exactly to the specified (nominal)
significance level. You may find it helpful to look back at Section 7.1 before going on
to the following example.

Example 8.3.1

An investigator suspects that operatives using a spring balance are reluctant to give 0 as
the last value of a recorded weight, for example, 4.10 or 0.30. In order to test her theory
she takes a random sample of 40 recorded weights and counts the number, X, which
end in 0, :

(a) State suitable hypotheses, involving a probability, for a hypothesis test which could
indicate whether the operatives avoid ending a recorded weight with 0.

(b) Show that, for a test at the 10% significance level, the null hypothesis will be
rejected if X =1 butnotif X =2.

(c) State the rejection region for the test in terms of X,

(d) Calculate the value of P(Type I error) .

(&) The nominal significance level of this test is [0%. What is the actual significance
level of the test?

(a) If operatives do not avoid ending a recorded weight with O then the probability
that a value chosen at random ends in 0 i3 0.1; if they do avoid O then this
probability will be less than 0.1, so take Hy:p=0.1 and H;: p <0.1.

(b} Under H,, X ~ B{40,0.1)

P(X<1)= (?)0.1%940 + (410)0.110.939 =0.01478...+0.06569...

=008047... .
As 0.08047...<0., Hyisrejected if X =1.
P{X =< 2} =0.080 47... Jr(“zojo.ﬁoﬁ8 =0.22280....

As 0.22280...>0.1, Hyis notrejected if X =2.
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(¢) The rejection regionis X < 1.
(d) P(TypeIerror) = P{X =< 1| p=0.1}. From part (b},

P(Type Lerror) = P{X < 11 p=0.1)

=0.080 47... =0.0805, correct to 3 significant figures.

(e) The actual significance level of the test is equal to P(Type I error) , that is 8.05%.

This is not quite the same as the desired significance level (10% in this example) and
this will often be the case in tests involving discrete variables.

For a hypothesis test involving a discrete variable the

rejection region is defined so that

P(test statistic falls in rejection region| Hy true)

< nominal significance of the test.

Actual significance level of the test
. = P(test statistic falls in rejection region | Hy, true)
and this is also the probability of a Type I error.

The following example shows how to calculate P(Type I error) .

Example 8.3.2

A supplier of orchid seeds claims that their germination rate is 0.95. A purchaser of the-
seeds suspects that the germination rate is lower than this. In order to test this claim the
purchaser plants 20 seeds in similar conditions, counts the number, X, which germinate.

He: rejects the claim if X = 17.

(a) Formulate suitable null and alternative hypotheses to test the seed supplier’s claim.

(b) What is the probability of a Type 1 error using this test?

(¢) Calculate P(Type Il error) if the probability that a seed germinates is in fact 0.80.

(a) Hy:p=095, H,;:p<095.
(b) Under Hy, X ~ B(20,0.95).
P(Type I error) = P(X =171 p=0.95).
=1-P(X=181p=095)

18 19

-1 _(20)0.95”‘0.052 m(zojo.gs"go.os‘ _,(

=1-0.188 67...~0377 35...~0.358 48...

=0.07548
= 0.0753, correct to 3 significant figures.

20
20

]0 95%0.05°
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(¢) P(Type il error) = P(X =181 p=0.8)

= (20)0.8'8{).22 +(20j0.3’90.2* +(20)[}.82°{}.2°

18 19 20
={.13690...+0.057 46...+ 0011 52
=0.206 08

=0.2061, correct to 3 significant figures.

The value of P(Type Il error) in Example 8.3.2 indicates that the probability that the
hypothesis test will fail to detect a fall in the germination rate from 0.95 to 0.80 is
not negligible.

For large samples it becomes easier to find a rejection region which gives

P(Type I error) close to the required significance level. As you saw in Section 7.2,
testing a population proportion for a large sample is done using the normal
approximation to the binomial distribution. The following example shows how to
calculate P(Type I error) and P(Type Il error) in this situation,

Example 833

A manufacturer claims that the probability that an electric fuse s faulty is no more than
0.03. A purchaser tests this claim by testing a box of 500 fuses. A significance test is
carried out at the 5% level using X, the number of faulty fuses in a box of 500, as the
test statistic.

(a) For what values of X would you conclude that the probability that a fuse is faulty is
greater than 0.037

(b) Estimate P(Type I error) for this test.

(c) For this test estimate P(Type Il error) if the probability that a fuse is faulty is, in
fact, 0.06.

(a) The null and alternative hypotheses are Hy: p=0.03, H,;:p>0.03.
Under Hy, X ~ B(500,0.03).

U=np=500x003=15 and o =npq=500x003%x0.97=1455.
Using the normal approximation,

X~ B(500,0.03) is approximated by V ~ N(15,14.55).

For a one-tail test for an iﬁcrease at the 5% significance level, Hy is rejected if
Z =1.645. The corresponding rejection region for X is given by

X005~ o . .
X-05-15 = 1,645 (where a continuity correction has been included),
/1455

giving X =21.77... .

The rejection region is taken as X = 22, by rounding up to the next integer.
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by P(Type Ierror) = P{X = 22), assuming that Hy is true.

Using the distribution V ~ N(15,14.55) as an approximation,
P(X = 22) = P(V = 21.5}, including a continuity correction.

21.5-15

—mme | = P{Z 2 1,704
V14.55 ) ( )
=1-0.9558

=0.0442.

P(Type 1 error) = P(Z =

In this case the actual significance level, 4.42%, is quite close to the nominal significance
level of 5%.

(¢) If p=0.06, then the distribution of X can be approximated by
V ~ N{500%0.06,500x 0.06x 0.94) =N(30,28.2).

P(Type I error) = P(X < 22)=P(V <21.5)
21.5~30
V282

=1-®(1.601)
. =1-0.9453
= 0.0547.

=P[Z< )=P(Z<——l.601)

Exercise 8B

1 A newspaper reported that 55% of households own more than one television set. Each of a
random sample of 12 households in a town is contacted and the number of households
owning more than one television set is denoted by N . A test of whether the proportion p
of households in the town owning more than one television set is greater than 55% is
carried out. {t is decided to accept that p is greater than 35% if N > 9.

{a) Calculate P{Type 1 error).
(b) Calculate P(Type Il error) when the actual value of p is 60%.

2 It is suspected that the dice used in a board game is biased away from a six. In order to test
this theory, the dice is rolled 30 times and the number, X, of sixes is counted. If the number
of sixes is less than 3 it is accepted that the dice is biased away from a six.

(a) Set up suitable null and alternative hypotheses for testing the theory that the dice is
biased away from a six.

(b) Calculate the significance level of the test.
(c) State the value of the probability of a Type I error.

(&) If, in fact, the probability of getting a six with the dice is 0.1, calculate the probability
of a Type Il error.
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-

_}/A drug for treating phlebitis has proved effective in 75% of cases when it has been used. A

" new drug has been developed which, it is believed, will be more successful and it is used
on a sampie of 16 patients with phlebitis. A test is carried out to determine whether the new
drug has a greater success rate than 75% and the test statistic is X, the number of patients
cured by the new drug. It is decided to accept that the new drug is more effective if X >14.

{a) Find o, the probability of making a Type I error.
{b) Find B, the probability of making a Type Il error when the actual success rate is 80%.

What can be said about the values of o and § if, with the same decision procedure
(X > 14), the sample size was between 17 and 19 inclusive?

4 Of acertain make of electric toaster, 10% have to be returned for service within three
months of purchase. A modification to the toaster is made in the hope that it will be more
reliable. Qut of 24 modified toasters sold in a store none was returned tor service within
three months of purchase. The proportion of all the modified toasters that are returned for
service within three months of purchase is denoted by p.

(a) State, in terms of p, suitable hypotheses for a test.

(b) Test whether there is evidence, at a nominal 10% significance level, that the modified
toaster is more reliable than the previous model in that it requires less service.

(¢} What is the probability of making a Type I error in the test?

(d) Find the set of values of p for which P(Type Il error) < 0.25.

5 A bus company has agreed to supply a new service to a particular area if more than 70% of
the people in the area will use the service. A random sample of 120 people living in the
area is questioned. Let the number who say they will use the service be denoted by S. The
bus company carries out a test at a nominal 2% significance level to decide whether they
should run the service. They assume that the responses are truthful.

(a) Find, in terms of §, the rejection region of the test.
{by Estimate the true significance level of the test.

(¢} Let the proportion of all the people in the area who will use the service be denoted by
p . Find the approximate value of p, such that, for p > p,, P(Type Il error) < % .

6 It is known that many crimes are committed by people with backgrounds of drug abuse.
A proportion of 60% has been suggested and, to investigate this, a researcher undertakes a
study of 100 criminals and will carry out a test at a nominal 10% significance tevel. The
null hypothesis is that the proportion of such criminals is 60% and the alternative
hypothesis is that the proportion differs from 60%.
(a) Find the rejection region of the test.
(b) Find P(Type lerror) for the test. «, .= %7
(c) What is the conclusion of the test if 62 of the 100 criminals have backgrounds of drug

abuse? A

(d) Find P{Type H error) for the test when the actual proportion is 40%. © co 9
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7 In the population of the UK, about 8% of females have red hair. A statistics student visiting
a city in the UK wishes to test whether the percentage in this city differs from 8%. He plans
a test at a nominal 1% significance level and observes a random sampie of 500 females in
several areas of the city.

(a) Find the actual significance level ¢ of the test.

(b) Find the probability 8 of making a Type II error in the test when the actual proportion
of red-haired females in the city is 4%.

(¢} Find the value of 8 if the sample size were 1000. What general result does this indicate?

B R T e e R

T_ype I and Type II errors for tests involving the Poisson distribution

Examples involving the Poisson distribution are handled in a similar way (o those
involving the binomial distribution.

Example 8.4.1

In an intensive survey of dune land it was found that the average number of plants of a
particular specics was 10 per m?. After a very dry season it is suspected that these
plants have tended to die off. In order to test this hypothesis a randomly chosen area of
L m? is selected and the number of these plants, X, growing in it is counted. If X is
greater than 4, it is assumed that the weather has no effect. You may assume that the

distribution of X can be modelled by a Poisson distribution. )
¥

(2) State suitable null and alternative hypotheses.  (b) What is P(Type I error)?

(c) Calculate P(Type Il error) if the mean number of plants per square metre has
changedto (i) 8 (i) 4.

Do you think that the assumption of a Poisson model is likely to be justified in this situation?
(a) HypA=10, H;:A<10.
(b) P(Type I error) = P(X < 4|2 =10}

100 100 _ 100,107
B [ L el e AP il

1 2 31 41
—0.000 045...+ 0.000 453... + 0.002 269 ...

0.007 566...+ 0018 916. ..
=0.02925...

= 0.0293, correct to 3 significant figures.

() () P(Typeerror) =P(X >4|A=8)=1-P(X<4|1=8)
=1—e"8—e—8%we'88§; e"s%j—e“si—t
=1-0.000335...~0.002 683...—0.010 734 ...

~0.028 626...—0.057 252...
=0.9003...

=0.900, correct to 3 significant figures.
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() (i) P(Typelerror) =P{X >4|A=4)=1+P(X<s 4|1 =4)

4
=1-¢™* ~e™* %me'4 %;—-—e"“ 4?::—6"4 %
=1-001831...-0.07326...~0.146 52...

-0.19536...-0.19536...
=03711...
={.371, correct to 3 significant figures.

As you would expect, P(Type H error} decreases as A gels fower.

If the plants are distributed at random then the Poisson distribution should be a
good model. If the plants propagate by seeds which are distributed by the wind
then they are likely to be randomly distributed. If, however, they spread by
underground roots then the plants might occur in groups.

Example 8.4.2

The aifcragc number of flaws per 100 metre length of yarn produced by a machine has
heen found to be 7. After the machine has been serviced, the number, X, of flaws in the
first 300 metres of yarn produced by the machine is 27,

(a) Carry out a two-tail hypothesis test at the 5% level to test whether the average
number of flaws produced by the machine has changed.

(b} For what values of X would the nult hypothesis be rejected?

(c) Estimate the actual significance level of the test.

(d) Estimate P(Type Il error) if the average has changed to 10.

(a) Assuming that the flaws are produced independently and at random, 4 suitable
model for X would be the Poisson distribution.

Hy:d =7, Hj:Ad # 7, where A is the mean number of flaws per 100 m length.
Under Hy, X ~ Po(3x 7) =Po(21).
Since 21> 15, X ~ Po(21) can be approximated by ¥ ~ N{(21,21).

26.5-21
P(X=27)=P(Y 2265)=P| Z= ——p==—— =P(Z21200...}.
(x=27)=p(r =269 = ¢ 2> 222 | p( )

The rejection region for a two-tail test at the 5% significance level is |Z | =196.
Since 1.200... <1.96 there is insufficient evidence to say that the number of flaws
has changed.

(b) The null hypothesis is rejected for | Z [ 2 1.96. The corresponding rejection
region for X is given by

X-05-21 X+05-21

=196 and < —1.96.
V21 V21
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Solving these inequalities gives X = 30.38... and X < 11.51....
Since X must be an integer, the rejection region is taken as X =31 and X = 11.
(c) The actual significance level of the test is equal to
P(X23lor X< 111X ~ Po(21)).
Again using the normal approximation ¥ ~ N(21,21).,

P{X =31)=P(Y = 30.5) = P(Z = 39%133] =P{Z = 2.073)

=1 -®(2.073)
=1-0.9809 =0.0191.

By symmetry, P(X < 11) =0.0191.
Therefore the actual significance level of the test is 2x0.0191=0.0382.
(d) When A =10, P(Type M error) = P(11 < X <311 X ~ Po(30)}.

Approximating X ~ Po(30) by ¥ ~ N{(30,30),

15— 5
[’(11<X<31)=P(11.5<Y<30.5)=P(] 5-30 _, 305 30]

<Zd <
J30 30

= P(-3.378 < Z <0.001)

= B(0.091) —(1 - ©(3.378))
= 0.5363~(1 ~1.000)
=0.5363.

The value of ®(3.378) /s outside the range of the lables on page 165, its valug is taken
to be 1.000. '

Exercise 8C

SR

1 The random variable X has a Poisson distribution with mean 6.5. A single observation of
X is made and a test at a nominal significance level of 10% is carried out of whether the
- mean has decreased. If X > 2, it is assumed that the mean is unchanged. Find

(a) the probability of making a Type I error in the test,
(b) the probability of making a Type I error when the mean is actually 5.5.

Given that the observed value of X was 4, state the conclusion of the test and the type of
error that was made.

% The number of vehicle accidents at a cross-roads controlled by traffic lights may be
modelled by a Poisson distribution with mean 1.5 per week. After a change in timing of the
lights there were 6 accidents during the next 8 weeks. Is this evidence, at a-5% significance
level, of a reduction in the weekly mean number of accidents?

What type of error might have been made in the test?
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3

The proportion of all patients given laser surgery to treat astigmatism and short-sightedness
and who suffer complications is reported to be, on average, I in 20. A newly formed
company who give this treatment has given concern to a monitoring agency because the
number of reported complications appears to be high. Records of the first 60 patients
treated by the company are obtained and the agency will carry out a test, at a 10%
significance level, of whether the true proportion of patients suffering complications is 2‘0
The number of patients who suffer complications is denoted by N .

(a) Explain why the distribution of N can be approximated by a Poisson distribution.
(b) State, with a reason, whether the agency should carry out a one-tail or a two-tail test.
(c) Show that the null hypothesis will be rejected if N =6, but notif N =5.

(d) State the type of error that might be made in the cases (i} N =4, (i) N=10.

(e} Estimate the probability of making a Type H error in the te,st when the actual
proportmn of complications attributed to the company 15

4/ The number of times that a printing machine stops for attention durmg a given week has a

/

Poissen distribution with mean 3.7. The machine undergoes some intensive adjustment and
a two-tail test is carried out, based on the total number of stoppages, X, that occur over a
period of 6 weeks. The test is of whether the mean number of stoppages per week has
changed. The nominal significance level of the test is 5%.

(a) Find, in terms of X, the rejection region of the test.
(b} Estimate the actual significance level of the test.
(c) State the conclusion of the test for the case X =18,

(d} Estimate the probability of making a Type II error when the actual mean number of
weekly stoppages (after the adjustments) is 4.0.

5/ The number of cars sold by staff at a car salesroom averages 0.8 per day. State what must

be assumed for the number of sales made on a randomly chosen day to have a Poisson
distribution.

Members of staff are given some extra training and the total sales over a period of 20 days
after the training is denoted by 7. It may be assumed that 7' has a Poisson distribution.

A test of whether the daily mean has increased is carried out at a significance level as close
as possible to 5%.

(a) Find the rejection region of the test.

(b) Estimate the true significance level of the test.

(c) Estimate the probability of making a Type II error in the test when the mean number of
daily sales is actually 0.9. Comment on its value.

The number of red cells in a small standard volume of blood of a healthy person is
modelled by a Poisson distribution with mean 20. A doctor suspects that Rani has an
abnormally high red cell count so she is given a blood test. The number of red cells in a
standard volume of her blood is denoted by R. A statistical test of whether the doctor’s
suspicion is confirmed is carried out. If R < 25, Rant’s blood count is accepted as normal.

(a) Estimate the probability of making a Type I error in the test.
(b) Estimate the probability of making a Type 1l error when the mean is actaally 30.
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Miscellaneous exercise 8

1 In a significance test of a population mean (i, the null hypothesis g = 0.3 is tested against
the alternative hypothesis t # 0.3 at the 10% significance level.

(a) State, if possible, the probability of making a Type 1 error. If it is not possible then
give a reason.

(b) State, giving a reason, whether it is possible for both a Type [ error and a Type II error
to occur in the test,

(c) State the type of error that might occur in the test given that the null hypothesis is
rejected.

2 The number of misprints in mathematics books of about 300 pages published by a certain
publisher (not this one, we hope!) has a distribution which can be modelled by a Poisson
distribution with mean 4.8. A new director of publishing was appointed and in the first year
of the director’s appointment 5 mathematics books of about 300 pages were published. One
of these was selected at random and a careful check found m misprints.

(a) Find the rejection region of a test, at a nominal 5% significance level, of whether there
is evidence of a reduction i the mean number of misprints per book.

(b) For the case m =1, state the conclusion of the test.

(c) ' Given that the mean number of misprints had actualily fallen from 4.8 to 0.5, find the
probability of making a Type II error in the test.

3 A certain fly spray is known to kil at least 90% of flies on which it is used. A modification
is made to the spray which a researcher believes will kill fewer than 90%. The actual
proportion of flies killed by the modified spray is denoted by p. The spray is applied to
200 flies and kills & of them,

(a) Use a suitable approximation (which should be justified) to find the set of values of &
for which it would be accepted that p < 0.9 at a nominal 2 %% significance level.

(b) Explain why the significance level cannot be exactly 2 1% and estimate the true
significance level of the test.

{¢) The null hypothesis was accepted when the modified spray actually killed 85% of all
flies on which it was used. State the type of error that occurred and calculate the
probability of making that type of error.

4 The mass of silver contained in a particular brand of water purifying tablet is normally
distributed with mean g micrograms and standard deviation 0.52 micrograms. The null
hypothesis g =100 is tested against the alternative hypothesis 1+ 100 by taking a random
sample of 10 tablets. The null hypothesis is accepted when l X —100 | <027, where X is
the mean of the sample of 10 tablets.

(a) Find the significance level of the test.

{(b) Calculate the probability of a Type II error for a sample of this size if 1 changes from
100 to 99.5. '
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5 On anational railway system the number of signals passed at danger (SPADs) averages 19
per month, As a result of public anxiety, a vigorous safety campaign is mounted by the
railway authorities with the aim of reducing this figure. A test is to be carried out, at the 5%
significance level, of whether the average number of SPADs has decreased. The test
statistic is X, the number of SPADs in the month following the campaign.

Using a suitable approximation, which you should state:

(2) find the rejection region for X;

{b) estimate the probability of a Type I error in this test.

In fact the average number of SPADs per month has decreased to 16.

(c} Estimate the probability of a Type H error in this test.

6 The lengths of a component used in the construction of a model acroplane are being
checked. Each of a random sample of 200 of the components, selected from a large batch,
is measured and the lengths, x mm , are summarised by Zx = 14842 and
Y x% =11098.19.

(a) Calculate an unbiased estimate of the variance of the lengths of all components in the
batch.

{b) State what is meant by ‘an unbiased estimate’.

The components are produced in large batches and it is required that the mean length,

4 mm , of the components in a batch should be at most 7.40 mm . Batches which do

not meet this standard are rejected. The decision whether or not to reject a batch is based

on a random sample of 200 components drawn from the batch. The mean length is denoted

by X.

(c) Find the rejection region of a test, at the 5% significance level, of whether or not a
batch should be rejected.

(d) Find an approximation to the probability of making a Type II error when carrying out
the test for the case when (= 7.50.

(e} Explain why (even without consideration of rounding errors) the answers to part {c)
and part (d} are approximate,

7 For a statistics project Emma decides to investigate the possible existence of telepathy
between her mother and herself. An experiment is set up using five differently coloured .
cards. One of these cards is chosen at random and shown to Emma’s mother who
concentrates on it for 20 seconds. At the same time, Emma concentrates and then names
what she thinks is the colour of the chosen card, This is carried out 20 times altogether and

" on 7 occasions Emma names the correct colour.

{a) State suitable hypotheses, involving a probability, for a significance test that could
indicate whether Emma is able to name the correct colour more often than would be
expected by chance.

(b) Carry out the test at a nominal 5% significance level.

(c) State the type of error that might have been made in the conclusion of the test. Under
what circumstances would this error not have been made? (OCR, adapted)
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8 Water used in a cooling tower is discharged into a river. Regulations require that the mean
temperature of the discharged water should be no higher than 75 °C in order not to affect
adversely the river’s ecosystem. Samples of water are taken close to the cooling tower at
random times over a period of a month and the temperatures recorded. The mean
temperature of the water over this period is denoted by 1 °C.

(a) State suitable hypotheses which can be used in a test of whether the regulations are
observed.

(b) Describe, in the context of the question, the two types of error that might be made in
the test.

{¢) State, giving a reason, which type of error an environmentalist would consider to be
less serious.

(d) For a particular sample of 30 readings the sample mean temperature was 76.16 °C
with an estimated population variance of 2,622 °C?. Carry out the test at the
10% significance level.

9 Factory-made dolls are assembled manually and the assembly times have a normal
distribution with mean y seconds and standard deviation 2.8 seconds. The usual method of
assembly has 4 = 12.4 and in order to reduce this figure a supervisor has suggested a new
method of assembly, A random sample of 10 workers will use the new method to assemble
5 ddlls. If the sample mean time for assembling the 50 dolls is less than 11 4 seconds then
the supervisor will decide to adopt the new method.

(a) State suitable hypotheses for the test implied by the supervisor’s decision, and
calculate the significance level of this test. [t may be assumed that the standard
deviation is 2.8 seconds.

(b} Calculate the probability of making a Type Il error in the test when, in fact, 4 =10.0.

(¢c) Find the smallest sample size that would have to be used so that, with the same
decision procedure, the probability 8 of making a Type Il error is smaller than O.1.
Find the value of § in this case.

10* A random variable X has a normal distribution with mean 4 and variance 25. The null
hypothesis 1 =20 is tested against the alternative hypothesis p <20 at the 10%
stgnificance level using the mean X of arandom sample of n observations of X.

{a) Find, in terms of X and n, the rejection region of the test.

(b) Show that the probability ﬁ of making a Type II error in the test, when the actual
value of i is 19, is given by B =1~ (13(% (vrﬁ - 6.4[)) :
(¢) Evaluate 8 when n=225.

(d) What happens to the value of B as n increases?

(e} Find the value of n for which B is as close as possible to 0.01.

e e e ks
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Revision exercise

1 A random variable X has probability density function f{x) given by

_Jkx(l-x) forO=sxs|,
flx)= {0 otherwise.

Show that the mean and variance of X are 0.5 and 0.05 respectively.

Find the probability that an observation chosen at random from this distribution is more
than two standard deviations from the mean. (OCR)

2 From a large crop of potatoes, a random sample of 100 potatoes was washed and weighed.
The weights, x grams, are summarised by Z x=15829 and sz =2542324 .

(a) Calculate unbiased estimates of the mean and variance of the weight of all the potatoes
in the crop.

(b) Calculate a 95% confidence interval for the mean weight of all the potatoes in the crop.

State, giving a reason, whether it is necessary to assume that the population is distributed
normally in order for your calculation to be valid.

3 A multiple choice test consists of 50 questions each with 5 possible responses, only one of
which is correct. A correct response receives a score of +5 and an incorrect response
receives a score of ~a. A particular candidate has not revised and does not know any of
the answers for certain and so chooses a response at random for the 50 questions. The
number of the candidate’s correct responses is denoted by X and the total score for the
paperby Y.

(a) State the distribution of X.
(b) Show that Y =(5+a)X —50a.

(c) Find the value of a for which the expected score is [0 for a candidate who chooses
all responses at random.

4 The lengths in millimetres of nine screws selected at random from a large consignment are
found to be 7.99,8.01, 8.00, 8.02, 8.03,7.99,8.00,801,80L.

(a) Calculate unbiased estimates of the population' mean and variance.

(b) Assuming a normal distribution with variance 0.0001, test, at the 5% level, the
hypothesis that the population mean is 8.00 against the alternative hypothesis that the
population mean is not 8.00. {OCR)

5 Along a particular stretch of road, vehicle breakdowns occur over time at an
average rate of 3.2 per day in the northbound direction and 2.8 per day along the
scuthbound direction. Estimate the probability that a total of between 20 and 25 (inclusive)
breakdowns occur along this stretch of road over a randomly chosen period of three days.
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6 What do you understand by the phrase ‘an unbiased estimate of population variance’?

10

(a) An infinite population consists of the numbers 1,2, 3 in equal proportion. Write down
the population mean, and hence calculate the population variance.

(b) Random samples of size 2 are obtained from the population. Write down all possible
samples of size 2. Hence write down the probability distribution of the means of
samples of size 2. Obtain the expected value of the mean and determine if the “sample
mean’ is unhiased in this case.

(c) Obtain the distribution of sample variance and find the expected value of sample
variance, Demonstrate that the sample variance is not an unbiased estimator of
population variance in this case. Show also that

i .
— x {sample variance)
n —

is an unbiased estimator in this case, where n is the sample size. (OCR)

Statistical investigations may involve random sampling. Explain what is meant by the term
‘random sampling’ and state why random sampling is nsed.

A student, when asked how to choose a 10% sample from the 150 houses in a village, gave
the following reply:

‘Number the houses from 1 to 150. Choose 15 two-digit random numbers, This gives the
10% sample.

Criticise this student’s method. Say how to improve it. Demonstrate your improved version
by using the foliowing random numbers to select three houses from the 150 in the village.

23895 40522 02568 (OCR)

The mass of luggage that aircraft passengers take with them is normally distributed with
mean 20 kg and standard deviation 5 kg. A certain type of aircraft carries 100 passengers.

(a) Find the probability that the mean mass of the passengers’ luggage exceeds 21 3kg.

(b) To what extent does your answer depend on the distribution of the individual masses
being normal? (OCR)

A continuous random variable X has a probability density function given by

I LY = x<
£(x) = a-z{x—1) f0r0<.x< 2,
0 otherwise.

Calculate

(a) the value of a,

(b) u,the mean of the distribution,

{c) c? , the variance of the distribution. - (OCR, adapted)

In a study of the use by university students of the internet, a random sampie of 500 students
was selected and 184 were found to spend longer than 3 hours each week using the Internet.
Calculate a symmetric 95% confidence interval for the proportion of all university students

who spend longer than 3 hours each week using the internet.



136

STATISTICS 2 www.gceguide.com

i1

12

13

14

A machine is designed to produce rods 2 cm long with standard deviation 0.02 cm. The
lengths may be taken as normally distributed. The machine is moved to a new position in
the factory and, in order to check whether the setting for the mean length has altered, the
lengths of a sample of 9 rods are measured. The standard deviation may be considered to be
unchanged. The lengths of the 9 rods in the sample are given below.

2.04 1.97 199 203 204 210 201 198 207

(a) Test, at the 5% level, whether the machine’s setting has been altered, State your
hypotheses and conclusions clearly.

(b) If, in fact, the setting of the machine has been altered so that the mean length of rods
produced is now 2.01, find the probability of making a Type Il error. (OCR)

Potholes in roadways occur at random. Give two reasons why a Poisson distribution may
be an appropriate model for the number of potholes in a randomly selected 100 m stretch
of roadway.

Records held by the highways department of county C indicate that the mean number of
potholes in such stretches of roadway is 2.5,

{a) Calculate the probability of there being between 3 and 5 {inclusive} potholes in a
randomly chosen 100 m stretch of roadway in county C.

In a neighbouring county, D, there are on average 1.8 potholes per 100 m of roadway.

(b) Calculate the probability that there are fewer than 3 potholes in each of 5 randomly
chosen 200 m stretches of county ['s roadways.

(¢) Use anormal approximation to find the probability that in a randomly chosen 1000 m
stretch of county D’s roadways there are fewer than 15 potholes. (OCR, adapted)

The continuous random variable X has probability density function given by
2
F(x) = k(H—x ) for-~1"~€ xS,
0 otherwise,

where & is a constant.
(a) Find the value of &.
{b) Determine

() E(X),

iy Var(X). (OCR)

On the surface of postage stamps there are either one or two phosphor bands. 90% of
stamps have two bands and the rest have one band. Of those having one band, 95% have
the band in the centre of the stamp and the remainder have the band on the left edge of the
stamp.

(a) Determine, using a normal approximation, the probability that in a random sample of
100 stamps there are between 5 and 15 (inclusive) having one phosphor band.

(b) Determine, using a Poisson distribution, the probability that in a random sample of 100
stamps there are fewer than 3 stamps which have only a single band, this band being
on the left edge of the stamp. (OCR)
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15

16

17

18

From past experience, it is known that the time a customer took to be served in a Post
Office was a normal variable with mean 6.2 minutes and standard deviation 2.1 minutes.

A new quening system was introduced by the manager and after this a survey of 20
customers was carried out to see whether there was a decrease in the time it took for a
customer to be served, Let T be the time in minutes for a randomly chosen customer to be
served after the new queuing system has been introduced and let #,, £, ... , fy be the
random sample of 20 observations of 7'. The results may be summarised as

> t=1084,
The standard deviation of T is assumed to be 2.1 minutes,

(@) Test, at the 5% level, the hypothesis that the mean time for a customer to be served has
reduced after the introduction of the new queuing system.

(b) For the test given in part (a) calculate the probability of making a Type I error in the
case when the true mean time to be served is 5.8 minutes. {OCR)

The playing times of a particular brand of audio tape are normally distributed with mean
1 minutes and standard deviation 0.24 minutes. The manufacturer states that ji = 60. A
large batch of these tapes is delivered to a store and, in order to check the manufacturer’s
statement, the playing times of a random sample of 10 tapes is tested. The null hypothesis
it = 60 is tested against the alternative hypothesis 4 <60 at the 1% significance level.

(a) Find the range of values of the sample mean X for which the null hypothesis is
rejected, giving 2 decimal places in your answer.

(b) State what ‘a Type Il error has occurred’ means in the context of the playing times of
tapes.

(¢) Calculate the probability of making a Type Il error when, in fact, u=359.7.

In a random sample of 250 families who watched TV last Thursday, the percentage who
watched a particular game show is denoted by p, . For all such random samples, state,
giving a reason, whether the random variable £, is discrete or continuous.

For a particular sample p; = 34%.

(a) Calculate a symmetric 95% confidence interval for p, the percentage of all viewing
families who watched the game show last Thursday.

(b) Give a reason, apart from rounding, why your interval is approximate.

~ A further random sample of families who watched TV last Thursday was selected. Estimate

the sample size for which a symmetric 99% confidence interval for p, would have a width
of 5%.

What can be said about the accuracy of p,, found using the calculated sample size, as an
estimate of p?

A servicing engineer finds that the number of jobs he completes in a working session has a
Poisson distribution with mean 4. If the sessions are independent, what is the distribution of
the number of jobs he completes in n sessions, and how may this be approximated when »n
is large?

Tf he has 100 jobs to do, how many sessions should he allow in order to be 95% sure that he
will be able to complete them all? (OCR)
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19 The process of manufacturing a certain kind of dinner plate results in a proportion 0.13 of
faulty plates. An alteration is made {o the process which is intended to reduce the
proportion of faulty plates. State suitable null and alternative hypotheses for a statistical
test of the effectiveness of the alteration.

In order to carry out the test, the quality control department counts the number of faulty
plates in a random sample of 2500. If 290 or fewer faulty plates are found then it will be
accepted that the alteration does result in a reduction in the proportion of faulty plates.
Calculate the significance level of this test, using a suitable normal approximation.
Calculate the probability of making a Type II error in the above test, given that the
alteration tesults in a decrease in the proportion of fauity plates to G.11.

20 A manufacturer of a new soap powder wishes to predict the likely volume of sales ina
town. Four different methods are suggested for selecting people for a questionnaire.
Discuss the advantages and disadvantages of each method and select the one which you
think is the best, giving reasons for your choice.

(a) Take every 20th name on the electoral register of the town.

(b) Choose people leaving a supermarket in the town, ensuring that the numbers in each
gender, age and social class category are proportional to the numbers in the population.

(c) Select houses at random from a town plan and interview one person from each house.
(d) Choose at random one name from each page of the telephone directory and ring
them up. (OCR, adapted).

21 A random variable X has a N(15,9} distribution. A random sampie of 5 observations of

this distribution is to be taken. The mean of the 5 observations is denoted by X .
(a) State the distribution of X and give its mean and variance.
(b) Calculate the probability that X is less than 17.

A random variable ¥ has mean 7 and variance 20. A random sample of 100 observations
of this distribution is-to be taken. The mean of the 100 observations is denoted by ¥ |

(¢) Give the mean and variance of ¥ .

(d) State the approximate distribution of ¥ and give the name of the theorem which you
have used.

{e) Calculate the probability P(6.9 <Y < 7.1).
22 When cars arrive at a certain T-junction they turn either right or left. Part of a study of road
usage involved deciding between the following alternatives.
Cars are equally likely to turn right or left.
Cars are more likely to turn right than left.

(a) State snitablé null and alternative hypotheses, involving a probability, for a
significance test.

(b) Out of a random sample of 40 cars, n turned right. Use a suitable approximation to
find the least value of n for which the nuil hypothesis will be rejected at the 2%
significance level.

(c) For the test described in part (b), calculate the probability of making a Type 1I error
when, in fact, 80% of all cars arriving at the junction turn right.
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23 A researcher is studying a museum’s collection of tetradrachms coined during the reign of
Alexander i (‘the Great’; 336--323 B.C.). Bach of a random sample of 50 coins was
weighed and their masses, x grams, are summarised by

Y x=84827, 3. x’=14396.1015.

(2) Use an unbiased estimate of variance to caiculate an approximate 99% confidence
interval for the mean mass (in grams) of all tetradrachms coined during Alexander’s
reign, giving the end-values of the interval to 2 decimal places.

(b) Estimate the size of the random sample of coins that would be required to give a 95%
confidence interval whose width is half that of the interval calculated in part (a).

(c) It was found later that the scales were consistently underweighing by 0.05 grams.
State which of the results of part (a) and (b} should be amended and which should not.
Give the amended values.

24 The total number of units of electricity that Kallie uses over the period April to June in any
year has a normal distribution with mean 920 and standard deviation 93. The supplier has
two methods of payment. In method 1, there is a fixed charge of $20 together with a charge
of 12.90 cents per unit of electricity used. Method 2 has no fixed charge but each unit of
electricity used costs 15.76 cents. Calculate the probability that, over the same pertod next
year, Kaliie would pay more using methed 1 than using method 2.

Over the same period, the units of electricity that Leroy uses have a normal distribution
with mean 750 and standard deviation 64. Given that Leroy uses method 2 and Kallie uses
method 1, calculate the probability that, over the period April to June next year, Leroy’s
electricity bill will be greater than Kallie’s. Assume that the charges are unchanged, that
the amounts of electricity used follow the same distributions as before and that the amounts
of electricity used by Kallie and Leroy are independent.

R S e e L S e e
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Practice examination 1

Time { hour |3 minutes

Answer all the questions.
The use of an electronic calculator is expected, where appropriate.

I The random variable X has the distribution N{40,253), and X denotes the mean of a
random sample of 10 observations of X, Find P(X < 42). [41

2 Statistical investigations may involve random sampling.
(iy  Explain what is meant by the term ‘random sampling’, and state why random
sampling is used. [3]
(ity A random sample of 5 students is to be taken from the 763 students who attend a
college. Explain briefly how this could be done by using random numbers, (3]

w

A student is investigating the shape of a certain type of shell found on the seashore. She
makes'several measurements for each shell and combines the results into a single ‘shape
index’, x. The resulting values from a random sample of 208 shells are summarised by
Zx = 63336, Zx* =2640.4612. '

(i)  Calculate unbiased estimates of the population mean and variance for the shape index
of shells of this type. [3}

(it)  Obtain a symmetric 90% confidence interval for the population mean. 4]

4 The continuous random variable X has probability density function given by

? <xs
=g
where £ is a constant.
(i)  Show that k=3. ' 2]
(ii) Find PI<X=2). - 2]

(iti) Find B{X). {3]

5 Tt is thought that more baby boys than baby girls are being born. A test of the null
hypothesis p = 0.5 against the alternative hypothesis p > 0.5 is carried out, where p
denotes the probability of a randomly chosen baby being male. For the test, a random
sample of 10 babies is taken and the null hypothesis is rejected if 8, 9 or 10 of them are
male.

(i)  Calculate the probability of a Type I error in this test. (3]
(1) Calculate the probability of a Type H error if the true value of p is 0.6. f4]
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6 The accident and emergency department at a city hospital keeps records of the numbers of
cases arriving between the hours of 2200 and 2300 throughout the week. The numbers,
each day, have independent Poisson distributions with mean 4.3 for Monday to Friday and
mean 6.2 for Saturday and Sunday.

(iy Calculate the probability that, on a particular Wednesday, at least 4 cases will arrive
between 2200 and 2300 hours. (3]

The total number of cases that arrive between 2200 and 2300 hours during one randomly
chosen week is denoted by T.

(ii)  State the probability distribution of T. 2]
(il) Use a suitable approximation to find P(30 < T < 40). 4]

7 In a certain population, the weights in kg of men and women have independent normal
distributions with means and standard deviations as follows.

Men: mean 75, standard deviation 6.4.
Women: mean 54, standard deviation 4.9,

One man and one woman are chosen at random.
(i)  Find the probability that their total weight is greater than 140 kg. 4]
(i) Find the probability that the woman’s weight is less than haif the man’s weight. [6]
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Practice examination 2

Time i hour 15 minutes

Answer all the questions.
The use of an electronic calculator is expected, where appropriate.

1 1In arandom sample of 200 viewers who listened to the radio on one particuiar evening, the
percentage who listened to a certain current affairs program was 28%. Calculate an
approximate 99% confidence interval for the population propottion of listeners who
listened to this program. (4]

2 A six-sided dice is suspected of being less likely to show a ‘six’ than any of the other
numbers. In an experiment to investigate this suspicion, the dice is thrown 20 times, and
only one ‘six’ is obtained. State appropriate null and alternative hypotheses, and carry
out a hypothesis test at the 10% significance level to test the suspicion, (5]

3 The continuous random variable X has a normal distribution with mean 20 and standard
deviation 3. The mean of a random sample of n observations of X is denoted by X .
Given that P(X > 21) is between 8.01 and 0.05, find the set of possible values of n. {8

4 A shopkeeper knows that the mean number of CD players sold per day in his shop is 3.

(i  State a probability distribution which you might expect to be a reasonable mode} for
the number of CD players sold by the shopkeeper on a randomly chosen day. n

(it)  Hence calculate the probability that the shopkeeper sells exactly 5 CD players on a
randomly chosen day. (2]

(1i) The shopkeeper opens his shop for 6 days every week. Use a suitable approximation
to determine the number of CD players which the shopkeeper should have in stock at
the beginning of a randomly chosen week to be at least 95% certain of being able to-
meet the demand during the week. [4]

5 The amount of petrol, in tens of thousands of litres, sold in a week at a petrol filling station
is modelled by the continuous random variable X with probability density function given by

2 ‘
) = k(4 =) for 0= x <2,
0 otherwise.
(i)  Find the value of the constant k. [2]

(ii) Calculate the probability that in a randomly chosen week the amount of petrol sold is
mere than 14 000 litres. 3]

(iiiy Show that the median, m, of X satisfies the equation
m* -8m*+8=0,

and hence find the median amount of petrol sold in a week. [3]
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6 Robert and Sipho are athletes who specialise in the long jump. The lengths of their jumps
may be modelled by normal distributions with means and variances as follows.

| Mean (m) Variance ( mg)
Robert 8.13 0.24
Sipho 8.49 0.21

They both compete in an athletics competition, in which they each have three jumps. The
length of any jump may be assumed to be independent of all other jumps. Calculate the
probability that

(i)  Robert and Sipho’s first jumps differ by more than 1 m, [5]

(ii) the sum of Robert’s three jumps exceeds the sum of Sipho’s three jumps. {4}

7 A machine produces metal rods, whose lengths are normally distributed with standard
deviation 0.1 cm. The machine is set up for the rods to have a mean length of 2 cm. To
check whether the setting is accurate, a random sample of 20 rods is taken, and the lengths,
x cm, are measured. It is found that Z(x —2) =0.84.

(i}  Test, at the 5% significance level, whether the machine has been set up correctly.

State your hypotheses and conclusions clearly. [5]

(i) Find the probability of making a Type I error in this test if the mean length of rods
produced by the machine is in fact 2.05 cm. (6]
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The Norma!l Distribution Function

If Z has a normal distribution with mean 0 and
variance ! then, for each value of z the table
gives the value of d(z}, where

O(z)=P(Z=z).

For negative values of z use ®(—z) = I - O(z).

~

t 23456789
z2{ 0 ! 2 3 4 5 6 7 8 9

' ADD
0.0{0.5000 | 0.5040 0.5080 0.5120 |0.5160 0.5199 0523905279 05319 053504 8 12]16 20 24|28 32 36
0.1{0.5398 |0.5438 0.5478 05517 |0.5557 0.5596 05636 |0.5675 05714 0.5753]4 8 12|16 20 24|28 32 36
0.2/ 0.5793 |0.5832 0.5871 0.5910|0.59%48 0.5987 0.6026[0.6064 06103 06141 4 8 12}t5 19 23[27 31 35
03106179 (06217 06255 06293106331 06368 06406 [06443 06480 065174 7 11114 18 22]25 29 32
0.4 0.6554 [0.6591 0.6628 0.6664 0.6700 0.6736 0677206808 0.6844 06879 |4 7 11{14 18 22|25 29 32
0.5/0:6915 [0.6950 0.6985 0.7019 [0.7054 0.7088 0.7123 07157 0.7190 0.7224|3 7 1&@;17 20(24 27 31
0.6/0.7257 |0.7291 07324 07357 [0.7389 07422 07454 [0.7486 0.7517 0.7549|3 7 10|13 16 19{23 26 29
0.7/0.7580 [0.7611 0.7642 0.7673 [0.7704 07734 07764 |0.7794 07823 078523 6 9|12 15 18]21 24 27
0.810.788110.7910 0.7939 0.7967 [0.7995 0.8023 0.8051 |0.8078 08106 08133|3 5 8|11 14 1619 22 25
0.9{0.8153|0.8186 08212 0.8238|0.8264 (.8280 0.8315|0.8340 0.8365 0.8389{3 5 8§ [10 13 15]18 20 23
10{0.8413[0.8438 08461 0848503508 08531 08554 ]0.8577 08599 086212 S 7[9 12 14]16 19 21
1.1]0.8643 | 0.8665 0.8686 0.8708 |0.8720 08749 08770 08790, 08810 08830|2 4 68 (0 12414 16 18
12/0.8849 | 0.8869 08888 0.8907 [(.8925 0.8944 (.8962 |0.8980 0.8997 0.9015|2 4 6|7 9 11[13 15 17
13/09032! 09040 09066 09082 (09099 09115 09131 |09147 09162 09177!2 3 5|6 8 1011 13 14
14/09192 109207 09222 09236|0.9251 09265 0927909292 09306 09319/ 1 3 4|6 7 8|10 11 13
15/0.9332 109345 09357 0937009382 09394 09406 09418 09429 0944F i 2 45 6 78 10 11
1.6/0.9452 | 09463 09474 0948409495 09505 0951509525 09535 09545[1 2 34 5 6|7 8 9
170055409564 09573 0958209581 0.9599 0.9608 |0.9616 09625 096331 2 3|4 4 5|6 7 8
18109641 [0.9649 09656 0.9664 0.9671 09678 0968609693 09699 097061 i 2|3 4 4]5 6 6
1.9:0.9713 [0.9719 09726 0.9732 {09738 09744 09750109756 09761 0976711 1+ 2|2 3 4.4 3 5
2009772 {09778 09783 0.9788 (09793 09798 0.9803 | 0.9808 09812 098170 1 22 303 4 4
2.110.9821 {0.9826 09830 0.9834 [0.9838 09842 0.9846 ;09850 09854 09857]0 1 12 2 2(3 3 4
22109861 |0.9864 09868 00871 |0.9875 09878 0988109884 09837 0989010 [ 1|1 2 2|2 3 3
2309893109896 0.9898 0.9901|0.5904 09906 0990909911 09913 09916{0 ¢ t]1 1 212 2 2
24| 09918 |0.9920 09922 0.9925|0.5927 09920 0.9931 09932 09934 09936(0 0 |1 1 1}1 2 2
25100038 | 0.9940 0.9941 0.0943|0.9945 09945 09948 09940 09951 0995210 0 Ot | 1,1 1 1}
2.6/ 09953 |0.9955 09956 0.9957{0.9959 09960 0.9961{0.9962 09963 099%64{0 0 0|0 t 1{1 1 1
277109965 | 0.9966 09967 0.9968 109969 0.9970 0997109972 09973 0897410 0 0|0 0 t]1 1 1
2.8{0.9974 09975 05976 0.9977 09977 09978 0.997910.9979 09980 099810 © 0,0 0 0]0 1 1
2.9/0.0981 |0.9982 09982 09983 [0.9984 09984 09985 [0.9985 0.9986 09986(0 0 0{0 0 0|0 O O

Critical valaes for the nermal distribution

If Z has a norma! distribution with mean 0 and variance 1 then, for each value of p, the
table gives the value of z such that P(Z < z) = p.

pl 075

0.90

0.95

0.975

0.99

0995

0.9975

0.599

0.5995

zy 0.674

1.282

1.645

1.960

2326

2.576

2.807

3090

3201
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The page numbers refer to the first mention of each term, or the box if there is one.

acceptance region, 105, 107
alternative hypothesis, 103

bias, 55

binomial distribution,
approximating by Poisson, 12
Type I and Type H errors, 142

census, 54
central limit theorem, 66
confidence interval, 86
for population mean, 87
for large samples, 93
959% level, 88
other levels, 90
for population proportion, 97
continuity correction, 13
continudus random variable, 35
expectation (mean) of, 46
median of, 43
probability density of, 36, 40
variance of, 48
critical region, 105, 107
critical value, 105, 107
for one-tail
and two-tail tests, 111

distribution of a sample mean, 66, 69
distribution of a sample propertion, 96

errors, Type [ and Type II, 136
binomial distribution, 142
normal distribution, 136
Poisson distribution, 147
estimate, see unbiased estimate
estimator, 75
unbiased, 76
expectation, see alse mean
of continuous random variable, 46

hypothesis
alternative, 103
null, 102

hypothesis test, 103
alternative method, 115
continucus variable, 102
critical value for, 1053, 111
discrete variable, 124, 143
large samples, 112, 125
steps for carrying out, 107

large sample
confidence interval
for population mean, 93
confidence interval
for population proportion, 97
testing a population mean, 113
testing a population proportion, 123
linear combination of random variables
mean and variance of, 23,26
linear functions of normally distributed
random variables, 28

mean
of continuous random variable, 46
of discrete random variable, 20
of linear combination
of random variables, 26
of Poisson distribution, 3, 8
of population, 81
of sum of Poisson variables, 31
confidence interval for, 86
sampling distribution of, 62
median, of continuous random
variable, 43

normal distribution
approximation to Poisson, 15
tables, 163
Type [ and Type 1l ervors, 136
null hypothesis, 102

one-tatl test, 103

p-value, 115

point estimate, 86

Poisson distribution, 3
approximating by normal, 13
approximation to binomial, 12
conditions for, 7
formula for, 3
mean of, 3, 8
sum of two variables, 31
testing population mean for, 127
Type I and Type H errors, 147
variance of, 8
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population, 54 significance level, 106, 107

mean and variance of, 81 nominal and actual, 143
population proportion significance test, see hypothesis test

testing, 121

testing for large samples, 125
practical activities, 10, 69,99, 117, 128
probability density function, 36, 40

random number table, 56
random sample, 55

mean of, 64

method of selection of, 55
rejection region, 105, 107
relative frequency density, 37

sample, 34
estimate of population mean and
variance from, 81
mean of, 64
method of selection of, 58
random, 55
sampling distribution of the mean, 62
sampling frame, 55

test statistic, 105, 107
standardising, 109, 111

two-tail test, 103

Type I and Type I errors, 136

unbiased estimate, 75
of population mean, 81
of population variance, 81
unbiased estimator, 76

variance

of continuous random
variable, 48

of discrete random variable, 20

of linear combination of random
variables, 23, 26

of Potisson distribution, 8

of population, 81 _

of sample mean, X , 64

of sum of Poisson variables, 31
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Formulae

Summary statistics
For ungrouped data:

-y 2
x-X X
= & , standard deviation = Jz( ) = \/Z -3t
n

[ I

For grouped data:

Y 2
= wzij}f» , standard deviation = ‘/z(xz;) ) = szj; -~ %t

Discrete random variables

E(X) =Y 1. Var(X) = ¥ x*p - {0}

For the binomial distribution B{n,p):
. =(?)p’(l—p)"“r, p=np, o =np(1-p)
For the Poisson distribution Po{a):
pr=et—, H=a, of=a

Continuouns random variables

E(X)xjxf(x)dx . Var(}():j.’czf(x)dx—{E(.‘ﬁ()}2

Sampling and testing
Unbiased estimators:

TPy Szzwi_[zxz_@_x)j}

n n—1 n

2

Approximate distribution of sample proportion:

{4

n

Central limit theorem:




Answers

Most non-exact numerical answers are given correct
to 3 significant figures.

1 The Poisson
dlistribution

Exercise 1A (page 3)

1

th R W 2

b |

() 0.2240 (b) 0.1991 (c) 0.5768
() 0.2218 (b) 0.3696 (c) 0.8352
() 0.7787 (b) 0.6916 (c) 0.2090
(ay 0.1353 (b) 02707 (¢) (2381
(a) 0.0821 {b) 0.5162

(a) 0.6005 (b) 04634

(a) 000674 (b) 4905

8 (a) 00916 (b) 0.206 particle s™

Exercise 13 (page 9)

1

{#) Yes (b) No (c) Yes

(dy Yes, provided ctaims are not caused by, say,
freak weather conditions.

0.0003, 0.006 730; 0.000 003, 0.006 739;

0.000 000 05,0000 738

e = 0006738 . (The final answer in the table

and e~ agree to 8 decimal places.)

(&) 029,0.39.0.16,0.13,0.03

(b) 1.23,1.21; Poisson (s a suitable model.

(©) 0.29,0.236,0.22,009.0.03

(&) Supports comment in patt (b).

171, 197,

0.12,045,021,0.42,0,05,0.02,0,002

0.18,0.31,0.26,0.15,0.06,0.02,001,0.002

Poisson is not suitable.

p=079, Gl =087
Theoretical probabilities 0.45,0.36,0.14, 0.04,
001,000C1. Yes.

Exercise 1C (page 14)

1

= Y RN U 8]

(a) () 0222 (ii) 0.221
(by () 0.0966 (i) 0.0965

(a) 08795 (b)0.0077
(a) 0.108 (b) 0.0273
0.0190

(8) 0953
(a) 0.904

(b) 0.434
(b) 0.0119 (¢} 0320

www.gceguide.com

Exercise 1D (page 16)

1

LS YL

n

[
7
8

(a) 0.608
(1) 0.265
0.209
0.0442
() 0689
(ay 0.759
62

123

(by 0.178
(b} 0.0497

(cy 0.212

(b} 0.0446
(by 0.0599

Miscellaneous exercise 1 (page 17)

1
2

-1 S th e

9
10
11
12

0.193

Because # is large (> 50) and p is small

(np < 5):0.1953

0.790; the calls occur randomly, independently,
singly and at a constant rate

(ay 0263 (b)y 0.191

2;(1.188; 0929

¥ because np=4.2<5,0210

The injuries occur randomly, independently,
singly and at a constant rate.

(.5, 0.481; possibly Poisson since the mean and
variance are approximately equal.

32,16,4, 1,0; note that the frequencics do not
add up to 52 because of rounding errors.

(1) 0067 (by 0286 (c) 0.739

(dy 0465

(e) Po(29.7); 0.442, using N(29.7,29.7)

2.0.240;0.303
(@) () 0.741

3; 18.5%
0.647,0.185

(i) 0.037 (c) 100

Linecar combinations of
random variables

Exercise 2A (page 26)

< U

(@) 13,061
(a) —4,3
1.0.5 :
05,0.25;0.48,0.16;0.3,037,0.2,0.04;
i, 5,0.8,048,18,098
3.1,3.69;0.2,0.16,0.1,0.14,0.2

(b) 59,549
(b) 89,80

24,12,6,24
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7 8 mm, 014 mm?

z 35 - 143
5 35, ]*22'&9.6‘3, ﬁf;
g 51 23

q
10 825,311

Exercise 2B (page 32)
1 0.0592

0.0638

0.0228

0.827

0.362

00317

=16, 6 =9

{a} 5,5 (by 1.5

{a) is Poisson

9 0116

10 0.242

F SV

& -1 SNt

(cy 11,27

Miscellaneous exercise 2 (page 33)

1 10,50 ,

2 2, 14,3

4 12kg, 57 g,397%,765 ¢

5 (2) 0.189 (b) 0308 (c) 0.184
6 0.121

7 (2) 0132 (b) 0.228

8 (1) 0.655 (b) 0314

9 (@) 0681 (b 0113 () 0.159

10 (a) 0.309 (b) 0.235; ( because
P(N >3.5n)=P(z> Jn}=1-0(LVn).

3 Continuous random
variables

Exercise 3A (page 42)

L@ G & © g

2@ § & (©045 (@175

3@ 4 Y

d@F ML @5 @
@ % ,

5 (@) 2 (b) 0.135 (c) 0.632

6@ 400 B¢ @1 @3

7@ 3§ )}

Exercise 3B (page 45)
I 2381
2 (a) 800 hours {b) 1000
3y 2402 o Hi+d3)
4 () 34Thours () 527
5 5-32
Exercise 3C (page 49)
15 g
2 %4
B
4 (b) 2kg, ¥ kg’
5 (b) 15 hours,75 hours®
6 (¢) 584 hours, 19 100 hours®
7 500 hours, 250 hours®
Lo
PO

Miscellaneous exercise 3 (page 50)

VI (b

2 {ay 2.5 (b) 2.08

3 () Slﬁ (h) %Qm'm () 1? min?

4 ) | (©) 0.141 () j;

5@ V2 (b 4 © 3

6 () f{u):%-,forO.SSMSélS,andOothcrwisc
® 3 © 4

7 (@) 06 () 05m (¢) 003 m?

§ (L ®16  (© 0107 (&) 168
(&) 0.697

9 & L 0427 @ 42

1 1

10 (a) ™ (b ™ () 0.083 (d) 2

11 (b) 0330 (c) 0368 '

12 (&) -i%% {b) 6 (to the nearest integer)

13 (b ga

14 (b) 3 years (cy 0315
{d) On average the guarantee is cheaper.
(e) 05

4 Sampling
Exercise 4A {page 59)
1 (a) Biased; people are likely to approve.
(b) Each age group is represented, but not

necessarily in proportion to age distribution.
(cy Satisfactory if chosen at a suitable time.
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2 Each selection is independent and has an equal 4 () % . T%
probabitity of being chosen. (b} 0.0299; distribution of T is very skewed so
{a) Biased; not ali people have a telephone. answer not very accurate.
{b) Biased; only one area at one time is chosen, 5 (a) 00594 (b) 0.0023
(¢} Should be satisfactory. 27
3 (ay Biased; does not include people who buy the 6 (a) 2'7‘*”;;“ (b) 0.0192
paper, say, from a street vendor. 64
(b) Biased; respondents are only those who care 7 (@ N(SO-—) (b) 0.0062
encugh to complete the form. © 22 "
4 The number of words starting with the same Approximately normal if n is large, but nothing if
initial letter is different for each letter. E—
For example, number the letters from 1 to 26 and $ () p=08, n=80 (®) 0.037
use some form of random number generator,
9 2.11 hours
Exercise 4B (page 71) 10 0.010
1 (a) False. X(n) has an approximate normal 11 (8.499.51):;
distribution for large values of n if X is (7.75,10.25); (Hint: & =5); the interval is wider,
not normally distributed. probability greater than 0.96.
(b True {c) False.Sce part (a).
() False. True for any n. 5 Estimation
2 (a) N(24,00432) (b) 0L3152
Neither of them depend on the central limit Exercise SA (page 84)
theorem. 1 $1.83.0.119 §°
o $1.83,0.119
3 PX=x)=g, x=12,3,4,5.6 2 (@) 0013775cm? (b) 00145 cm®
(a) 0.155 (b)0.845 3 (1) 249,161 ’
4 (0 0271 o ‘ (b) 0.182; month may give a biased sample, for
(b) 0.0021; the assumption is that the biology example, in the holiday season traffic may
students at the Scrﬂillaf are a random Sﬂmp]c be heavier and accidents more likﬂly
of all ﬁl“y grown males., 4 (3‘) 30.633 147.365 2 {b) 037
The second, because n is larger; the larger n, the B . & '
e . . 5 5.6,2.569,0.0248; variance approximate and
closer the distribution of the mean is to a normal C
T, normal approximation used.
distribution. o 2 )
5 (a) 0968 (b) 95.54% 6 10L.1g,1369 g°, ®(2973)=1; 1t‘ds\su'me:, that
sample parameters are good approximations to
6 (W 0.0084 (b) 82 population parameters.
7 09957 )
8 0.0434 Exercise 5B (page 91)
9 (a) 0981 (b) 1—-B(-3338)=1 1 [496.5,504.5], 190
10 0.9615>95% 2 (a) .[0.981,1.028] (b) 00233 litres
11 24.9:no,since X has a normal distribution. (a) 5.155 (b) 848  (c) 10.10

Miscelilanecus exercise 4 (page 73)

1
2
3

30
(a)
(a)

16 (b) 0.6554

Sample restricted by length of throw.
Satisfactory if researcher moves to different
parts of the field before throwing.

Sample potints restricted to centres of grid
squares, also to points greater than 0.5 m
from the boundary. However, sample should
be satisfactory.

502

(b)

3
4

[£69.4,181.0]; no, 178 is within the interval.

It is assumed that the biology students at the

seminar are a randoim sample of all fully-grown

male biology students. ’

(a) [5.013,5057]

(b)Y 5.00cm is outside the interval, indicating
that the mean has increased.

(@ [15.67,16.17] (b) Six more
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Exercise SC (page 94)
1 (@) [473,562]

{b) Assume sample mean has p normal
distribution, which is justified by the central
limit theorem (sample size large); also that
the sample variance is a good estimate of the
poputation vartance which is justified by the
large sample size.

2 (1) 498.1g, 4839z (b) [497.7,498.5]
The confidence interval will not contain the mean
5% of the time.

3 @ 5968m* (b) [6.44,822
[5.10,6.88]

4 (a) 2.43,2.288
5 (a) [84.1,89.1]
mean of 8-year-olds attending the clinic,
6 () [610,62.5]
{b) No, both limits greater than 60,

(b [2.18,2.68]

Exercise 5D (page 98)
1 (a) Yes (b) No (c} Yes
2 [0.024,0.176], [0.238,0.762]
3 [285.39.5]
4 (a) [0.144,0224] (b} Sample is random.
(c} [IFor example, all cars passing under the
bridge over a specified period
(d) 49
5 [0.322,0.424}; n =971 variance is an estunate
and novmal approximation is used.
6 (1) [0.045,0.155], [0.159,0.316]
(b) Indicates p, < p, since intervals do not
intersect, with that for p tower than thal
for p,.
Miscellaneous exercise § (page 100)
1 (a) 3357c/Yn () 3.3060/Vn
(©) 3.29¢/+/n
These confirm that a symmetric confidence
interval has shortest width.
[249.43,251.39]

3 (a) 1.791 hours, 0.6615 hours’
B [1.696,1.886]; [0.149,0.241]

No, the confidence interval indicates a mean
greater than 10%.
4 {a) 1.04 litres,0.0192 litres ?
(by {1.02,1.06}
(¢) 520
5 [0.640,0.860], n=180

(b) Interval is only valid for

=

{22.8,24.6]: normal distribution of sample mean
is approximate {central limit theorem) and
variance estimate is used.

7 () 3439 (b) 284
8 (a) {0.0362,00738}

{(b) Between 2710 and 5520 based on
confidence interval; 3640 based on p,

9 (a) Confidence interval for p is [{].426, 561]:
average.
(b) 95% confidence interval [0.413,0.5373}; yes
10 [1.38,2.12]; P(T <) =0.132, not small
enough; sample large enough for the centra Himit
thcorem to apply, so the interval is valid for most
reasonable distributions.

Hypothesis testing:
continuous variables

Exercise 6A (page 104)
1 Hyrp=1025, Hipu<102.5
2 Hyf=84, H:p#84
3 Hyipt=53, Hipu>53
4

Hy: =30, H 2 p <30 A one-tail test is morc
appropriate for the customer.

[

Hy: =35, Hp jt <5, A one-tail test fora
decrease is appropriate since the only cause for
concern is pi falling below 5.

Exercise 6B (page 108)
The end-points of the critical regions are given
correct to 2 decimat places.

1 (a) Reject Hy, and accept that g > 16
(b) Accept Hy: =10,

2 Hyp=1025, Hp<102.3; X < 101.69;
accept u=1025.

3 Hy: =840, Hi:p#840; X =821 or
X = 83.89; reject H, and accept that mean time
differs from 840 s.

4 ¥=487; Hyp=5 Hpp<s;, X <471
accept Hy, mean is at least 5 microfarads.

5 Hy:p=856, Hi:p<85.6: X < 78.39; reject
H, and accept that the mean is less than 85.6.

6 Hyp=68, H:u=68; X <669, X =691,
reject H,, and accept that the mean is greater-
than 6.8.

7 Hy:p=30, H:pu<30; X <2894, accept H,,
there is cause for complaint.
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8

Ho:p=321, Hop#321 X <292,

X = 3.50; accept H,: the sample does not differ
significantly from a random sample drawn from
the population of alf of the hospital births that

6 T=6813, s=006058, :=19i8; H,: =68

(3} H,:p=638, z lies between ~2.24 and 2.24,
so accept that =638,
by H, p>68, z<1.96,s0accept

year. Hy: 11 =6.8.
(cy H, p<68, z>-196,s50 accept
Exercise 6C (page 111) Hy: =638,

1

Hy: =330, Hp:pe>330; 2=2.504>1.96;
accept H,, manager’s suspicion is correct.

Hg: =508, H,: u#508; z=-1.622. This lies
between —1.6435 and 1.645, so accept Hy and the
process is under control.

Hy =451, Hpp =451, 1=-2758. This is
outside —2.054 to 2,054, so accept H |, the mean

Note that in part (¢) where the alternative
hypothesis suggests that the population mean is
less than 6.8 but the sample mean is greater than
6.8, there is no need to calculate the value of Z .
In this situation H, cannot be accepted at any
significance level.

Exercise 6F (page 117)

has changed.

4 Hy:p=160, H:p>160; 1=2.546>2326,s0
accept H,, that the mean is greater than 160. 3

All p-values are given correct to 3 decimal places.
1 (a) 0076 (b (i) no Qi) yes.

¥=8.768, s=2075; Hy: p =854,

5 Heu=2764, Hi:u>2764; Hyip #8545 z=0777, p=0437. Mean not
z=1.328 <1.643, s0 accept H,, the campaign different from £8.54.
was not successful. This assumes that the sample 3 My p=842, H:u>842; 7=1703,
can be treated as random; normat distribution of p=0044
daily sales; the standard deviation remains (2) Mean greater than 842,
unchdnged. (b) mean not greater than 8.42.

6 Hyp=43; Hrpu<d3; z=~1581<-17282, 4 5=03084; Hy:p=7, Hpp<7?y z=—-1421,
so accept H, that the mcan waiting time has p=0078 . Accept that mean is less than 7 hotirs.
decreased. 5 Hyp=31, H:p>31; 222085, p=0019

7 Hg:p=423, H:pt>423; 1=2.594>2326, Accept that the mean is greater than 31%.

so accept H |, the results are unusnally good.

Exercise 6D (page 114)

6 7=22836; approximately 0.44%. This is the

p-value of the test.

Miscellaneous exercise 6 (page Li8)

1 Hyp=23, H:p#23,; z= —2.359. This is
outside the acceptance region ~2.326 to 2,326, so b o{a) Hppe=2855, Hopu#2855; Z=-196,
reject H, and accept H,:pr#23, Z=196,

2 Hyp=1190, H;:p>1190; 1=25>2326, (b) z=-1540,s0accept Hy: gt =2.855, the
so reject H, and accept that the mean is greater batch is from the specified population.
than 11.90 cm. 2 (@ u<25 (b z=-2326,1%

3 Huiﬁ=5%, H,:,u:ﬁS%; s=1582. 7=0.554. (¢) z<-2.320,significance level < | % because
This lies between —1.643 and 1.645, so accept 2<-2.326.

H, , the results are not unusual that April. 3 (@) gy =210 (b) 3.9%

4 H, p=375, H:pu<375; $=37385, 4 {a) z=2.630>196,s0 accept > 6.0, Nisha's
s=3800, z= 1914 <—1645, so reject Hy . average blood glucose level is higher than
and accept that the mean is less than 375 g. ] 6.0. ’

_ {b) pp; <6420
5 Hop=0584, H;:p>0584; x= 0.6052, () (i) valid; sample size large enough for

s=0.1452, z=1.264 <1.282, s0 accept H,
melons grown organically are not heavier on
average.

central limit theorem and to replace & by a
value estimated from the sample

(i) readings at week-end may be biased by
different life style, so results not valid.



STATISTICS 2

www.gceguide.com

¥=4741, 57 =2820. z=—-1236>-1282 s0

accept H,, the mean crop weight per plant is

5 kg. Smaliest significance leved is 10.8%.

6 X=98, Hy: =100, H;: g <100,

7=-2.108 < ~1.645, 50 accept u <100,
athlete’s perforiance has improved. The total
maximum time is 964 .4 s,

7 {a) (i) 1046 (i 15.64

Expected {average) value of estimates of the

parameter is equal to the parameter.

(by (1) L0 approximately
(i) Since 1046 < 10.65, H,, 15 accepled:
the mean distance of the houses from the
station is not more than 10 miles.

(c) Part (a) answers only require randoniness of
sample, so they are stitf valid. Part (b) has a
large enough sample for the central limit
theorem to hold, so the results are valid.

[#1]

7 Hypothesis testing:
discrete variables

Exercise 7A (page 124)

I Hyp= Ly Hy:p= é p is proportion of boys;
X ~B(18,1): P(X>12)=0.1189> 0.0, 50
accept Hy, the numbers of boys and girls are
equal.

2 Hyp=095, H:p<095; X~ B(25,0.93);
P{X <22)=0.1271> 0.05, so accept H,, there
are at least 95% satisficd customers.

3 Hyp= —:'2-, H:p> é {or u=25and £>25)
p is the proportion of nails with length greater
than 2.5 em; X ~ B{16,}};

P(X = 13)=0.0106 < 0025, so accept H,,

p>tand p>25.

The ;ymmetry of the normal distribution about

its mean is used in the statement Hy:p :21.

4 Hyp=1 Hip>l; x~B(104);

P(X == 5)=0.0781>0.05, so accept H,, the
probability that Dinesh predicts the colour of a
card correctly is % .

5 @ Hpp=g. Hip<l; X~B(30,é);

P(X < 1)=0.0295

(by 0.0295 <003, so the results are confirmed.

6 (a) Hyp=07, H;:p=0.7, X~B(12,08);

P(X =12)= 00138 <005, 50 reject H,
and accept that the true figure is not 70%.

(b) Marie’s friends do not comprise a random

sample, so test is unreliable.

1

6

Exercise 7B {page 126)

Hyp=03, H:p#03;

X ~B(80,03) = N(24.16.8);

P{X < 19) = ®{~1098), since ~{.098 >~ 643
{or since 0.136>0.03), accept H, 30% of the
beads are red.

Hy:p=075, H,:p>075;

X~ B(150,0.75) = N(112.5,28.123);

P(X = 124) =1 $(2.074); since 2074 > 1.96
(or since 0.0194 < 0.025), reject H, and accept
that more than 75% get relief.

Hyip=04, H:p>04,

X ~B(50,0.4) = N(20,12);

P(X = 29) =1 - D(2.454) ; since 2.454 > 2 326
{or since 00074 < 0.01), reject H,, the company
should adopt the price.

Hy:p=08, H;:p<08;since -1.326 > -1.645
{or since 00924 > .05, accept H,,, the
deliveries are as stated.

Hy:p =008, H,:p=008;

X ~B(500,0.08) = N(40,36.8) ;

P(X 2 33)=1-M2.061); p=0039

{a) Reject H,. (b) Accept H,.
Hy:p=0132, H:p>0132;

X~ B(95,0.132) = N(12.54,10.884 72);

P(X = 20)= | - ®(2.110); since 2.110 > 2.054
(or since 01.0174 < 0.02), reject H,, and accept
that the drop-out rate is greater for science
students.

Exercise 7C (page 129)

1

2

X ~Po(2}; P(X = 4)=0.143>0.05, so accept
H, that =2,

Hyd=4, H:A <4, where i is mean number
of accidents per week, X ~ Po(8);

P(X = 3)=0.0424 < 0.05, so accept that the
mean has reduced. X ~ Po{20) including ail
weeks. Approximate by N(20,20).

P(X = 14)=1-®{-1.230); since

-1.23 > —1.645 (or since 0.1093 > 0.05) the
conclusion changes.

(@) n=60>50 and np=42<35,s0 Poisson
approximation to binomial distribution
applies. .

() Hpd=42o0r p=007, H:A =42 0r
p#007; X~Po{4.2);

P{X < 1)=0.0780>0.05,s0 accept Hy,
the proportion is 7%.

HyA=14, H:A=14; X~Po(l4);

P(X = 4)=0.0537>0.05, so accept H,

secretary is probably responsible.
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Hy:A =6, Hjid <6 X ~ Po(l8);

P(X = 9)=0.0154. At 5% level accept that the
mean is lower.

H,:A=3245, H,:4 >3245;

X ~ Po{3245) = N(3245,3245);

P(X = 3455)= 1 -®{3.678).

Since 3678 > 1.645, accept that the mean has
mcreased.

Miscellaneous exercise 7 (page 130)

H

n

@ Hyp=3%, Hep>d: X~B(20.2);
P{X = 17) = 0.0604, so reject H, and
accept that the proportion 1s greater than %
(b) Statistical tests are not proofs: they indicate
the likelihood of a hypothesis being correct.
X ~ B(25,04): P(X <5)=0.0294> 002550
accepithat p=04.
H{,:ng, lep:t-%;
X ~ B{174,4) = N{58,38.67);
P(X < 51} = {d{-1.045); since
—-1.96 < -1.045 < 1.96 (or since 0.148 > 0.025),
accept Hy, the proportion of left-handed

mathematicians is ;

() Hyip= ; Hi:p> é { p is proportion
preferring Doggoy;, X ~ 13(40,%-) = N(20,10);
n=726. -

 4.1%

H,:p=007, H:p>007;

X ~ B(125,0.07) ~ N(8.75,8.1373);

P(X = 14) = | - d(1.665): since 1.665 < 1.881

(or since 0.048 > 0.03), accept H,, and retain the

batch.

(n) Computers must be lost randomly

throughout the period at @ uniform rate.

A =18, Hpd <1811

Flaws must occur randomly at a uniform rate

per metre length,

Ho:dA =18, Hi:A <18; X~Po(54),

P(X =2)=00948 >0.05, so accept H,,

the rate has not decreased.

X ~ Po(20.7) = N(20.7,20.7};

P(X < 9)=1-®(-2.462). Since

-2.462 < —1.645 (or since 0.0069 < 0.05)

accept H,, the conclusion changes.

X ~Po(1.9)

Hy:pu=19, Hip=19;

P(X =0)=0.1496 > 0.05, so accept H,,

there is no decrease.

Hy: p=0.1496, H,:p>0.1496;

X ~ B(50,0.1496) = N(7.48,6 361);

P(X = 13)=1-P(1.990); since 1.990 >

1.645, reject Hy and accept that the

numbers have decreased.

(h)
(a)
(b)

{c)

{a)
(b)

(©)
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7= —2.069; cither -2.069 < -2054 or Q0193 <
0.02, so reject H,, and pecept that 1< 3.00.

H,:p=0036, H:p>0036;

X ~ B{300.0.036) = N{18,17.352};

P(X =28)=1-®(2.281); since 2.281 > [ 645
(or since 0.0113 < 0.05), accept that 3.036 is an
underestimate.

Hyp=1.74, Hy:u>1.74; since

7=2.361>1.881 (or since §.0088 < 0.03), accept
H>i.74.

Replace the tast 8 words of the sentence by

‘... states that the sample mean 1s approximately
rormally distributed for large samples even when
the population is not normal’.

Hy:p=02, H;:p<0.2,0.098. Accept that the
percentage of defective vases has been reduced,
since 0.098<0.1.

Hy:d=6, H;:A>6; X ~Po(60) = N(60,60).
P(X = 72)=1-®(1.485). Since 1 485 < 1.645
{oc since 0.0687 > 0.05), accept Hy, the
background radiation has not increased,

At least 73 particles.

(a) 289,834
(b) z=-1319>-1.0645, 50 accept ;.
(¢) 106610.5

{a) Hy:p=08, H:p>08; X~B(20.08)
P(X = 19)=0.0692 > 005, 50 accept Hy,
the propartion has not changed.

6.92%

z=0.9474 the rejection region is in the
negative tail and z is positive.
0.172; accept Hy:pr =154

(b)
()

(h)
{a)

Po{3): calls occur randomiy, al a uniform
rate over 2 days.

Hypd=15, H:A>15, where u is the
mean number of calls per week.

P{X = 5)}=0.1847 > 005 so accept H,.
the daily average has not increased.
Hy:A=05; H:4>05; X ~Po(03);

P(X =3)=0.0144; any level =0.0144.
Hyp=025, H:p<025, X~B(12,0.25);
P{X = 2}=0.3907>0.10, so accept H,, the
student did no worse than by guessing. However,
the result is less than expected by guesswork.

)

n>50 and np =3 <35, so the Poisson
approximation to binomial distribution is
applicable. X ~Po(3); P{X=0)=00498 =005,
Ho:p=0.05, H;:p>005; X ~B{10,0.05);

P(X =2)=0.0861<0.10, so reject H and
accept that p>005.
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Hy:pu=1005, Hu>1.005: z=0977 <1.645,
so accept Hytp = 10035,

Hy:p =065, H;:p<0.65;

X ~ B(100,0.65) = N{65,22.75);

P(X = 33)= d(-2.411); since 0.0080 < 0.05,
reject Hy, and accept that p<0.63.

{ay n>50and ap=24 <35 sothe Poisson
approximation to binomial distribution is
applicabie.

() Hgu=24, Hru>24; X~Po(24);

P{X = 6)=00357<0.05, reject H, and
accept that mean has increased.

Hy:p=3000, H iy > 3000; z=2036;since
2.036 > 1.96 {or since 0.0209 < 0025}, reject H,
and accept that the mean is greater than 3000,
Hy:p=04, H:p#04;

X ~B(150,0.4) = N{60,36);

P(X =51)=d(~1.417): since -1 417 <-1.96
(or since 0.0783 > 0.023), accept H, the
propottion agreeing with the manufacturer is
40%.

3 Errors in hypothesis
testing

Exercise 8A {page 140)

1
2

@ X =6316
() X <9749
(¢) 0.1404

(ay 9.78 (b)Y 02039 (¢} It will be smaller.
(a) Hgipe=194, H 1 <1.94; rejection region:

X < 1.883; ¥=L7,reject H, and accept
that new system had the desired effect.

(by 0.0087

{¢) Accepting that the mean absence rate is 1.94

when it is actually less than 1.94,
(a) T =33065 (b) 0.0877
{¢) 0.0647, which is less than 0.0877
(@) Hou=30, H:p<30; X >29.7782
(by 0<p<29530

{b) 0.1963
{b) Type I error

Exercise 8B (page 145)

1
2

(2) 0.0421 (b) 0917

(@) H01p=é, Hy:p < 3

(h) 103% (c) 0.103 (d) 0.589

{a) 0.0635 (b} 0.8593; ¢ is biggerand f is
smaller.

(@ Hyp=01, H:p<0.1

M P(X=0)=00798 <0.10, soreject Hy and
accept that the modified toaster is more
reliable.

() 00798 (d) p<00119

1

w

{a) S=95 (by OOI8 () p, =0.7875
(a) X=31, X=69 (b 0.083

{c)} Accept that 60% is correct.

(dy 0.0094

(2) 00063 (b) 0.2121 (c) 00024

The probability of a Type H error is decrcased by
increasing the sample size.

Exercise 8C (page 149)

1

6

(2) 0.0430
(b) 0.9116: accept that the mean is 6.5; Type {1
error if the mean is actually 5.5.

X ~Po(12), P(X = 6)=0.0458 <0.05 and
accept that mean has reduced; Type I error.

(2) Sample size n is greater than 50 and
np=3<35,

{(b) One-tail since it would not be concerned if
the rate were smaller than 3%.

Wy () Typell (i) Fypel (e} 0.703

() X=12, X=32 (b) 440%

(¢) The mean has not changed. (d) 0.928

Sales must occur randomiy over time and at a

uniform rate,

(a) 7 ~Po(16); approximate by N(16,16};
T=23

(by 3.21% (¢} 0.856,a large value

(a) 0.109 (b) 0.794

Miscellaneous exercise 8 (page 151)

1

(ay 01

(b} Not possible since Type I error made when
H, is rejected and Type 1T when H,; is
accepted.

{¢) Typel

(a) The number of misprints X < 1.

(b) Accept that mean has reduced. {c) 0.0802

(a) B(200,09)= N(180,18) since np=180>5
and ng=20>5; k=171
(b) The variable is discrete and only

approximated by a normal distribution.
23%  (cy Type I1,0.383

(a) 10.1%

(b 8.09%

(@) X ~Po{19}; approximate by N(19,19);
X=11

(by 0.0426 (¢) 0.870

(a) 04218 mm?

(b) Expectation of the estimate of the parameter
is equal to the parameter.

() X=74755 (d) 0297

(e) The variance is an estimate.
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(a} Hy:p=02, H;:p>02,where pisthe
probability of Emma choosing the correct
colour.

X ~B(20,0.2) . P{X = T} = 0.0867 > 0.05,
so accept that Emma ts not telepathic.
Type 11, when the null hypothesis was true.

Hype=75, Hi:p>75
Type I, accept that the regulations are not
met when they are; Type I, accept that the
regulations are met when they are not.
Type I since ecosystem not affected.

Z 242521282, 50 accept H,,
regulations are not met. -
Hyp=124, H:u<124;0.58%
Approximately 0 {¢) a=7,00931

% <2003 (c) 0.0429

H

(D)

{c)

(a)
{b)

(©)
(&)

(a)
(b)
(a)
()

Decreases {e) 325

Revision exercise
(page 154)

1
2

00161

(a) 1'58.29 grams, 371.23 grams2

(b [367,375] grams

It is not necessary to assume that the population

is distributed normatly, as the sample is large and

50, according to the central limit thearem, the

sample mean is normally distributed.

@y B{50,02) (¢) a=1

{a) 8.01 mm,0.000 175 mm®

(b) Test statistic, z =2>1.96, so there is
significant evidence, just, at the 5% levei to
accept H, that 4 =8.00.

0.323

A measure obtained from the sample where

expected value is equal to population variance. -
2

(@) p=2, 0" =2

(b} Possible samples
(1,1),(1,2), (1,3),(2.2), (2,3}, (3,3}

Mean 1, t5, 2, 2, 25, 3
. Distribution of sample mean
Value 1 15 2 25 3

Pg’obability% % % % %

E(sample mean} = 2; hence sample mean is
an unbiased estimator of population mean in

this case.
(¢) Distribution of sample variance
Value 0 41
G 300402
Probability 5 7 35

E(sample variance) = { <o~ .

ANSWERS
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7

9
10
11

12

13

14

15

16

. b -
{sample vanancc)] = %x-! $=0"

iTH

n
E(
n-—-1
n . B -
0 —~—I(samp!e varianee) is an unbiased
n—
- bl
estimator of ¢~ .

A random sample of size # is one chosen so that

every possible grouping of size # from the

poputation has an equal chance of being chosen.

A random sample 13 chosen to try to avoid

gclting an unrepresentative sample.

Houses 100 to 150 have no chance of heing

chosen.

Use three-digit numbers and subtract multiples of

150 until the number is in the range 001 - 150,

Ignore 000, 901 - 999 and any repeated

selections.

So the sample members would be 88, 52 and 118,

(a) 00047

(b) It is not necessary for the individual masses
to have a normal distribution because the
distribution of the mean will be
approximately normal (by the central limit
theorem) since the sample size, n, 18 large

(160 here),

@ a=% (b) E(X)=1 () Var(X)=1!
[0.326,0.410]

(M) Hy:p=200, Hppp=200;2=383 and
the critical region is |z]> 1.96. Hy, that
there is no change in the setting, can
theretore be rejected in this case.

(by 0.677

The events (potholes) occur at random, and they

oceur independently of one another. The mean

number per interval i$ proportional to the size of
the intervai. Two potholes cannot occur
simultaneously in the same place.

{a) 0414 (b) 000234  (c¢) 0.205

@ 3 O 0 () 32

(ay 0933 (b) 0,986

{(a} Test statistic, z=—1.66 < —1.645 ., 50 there is

significant evidence, just, at the 5% level

that there has been a reduction in service
tirme. ’

P(Type I errer) = 0.786

X <3982

[t is accepted that the mean playing time, u,

is 60 minutes, when it is, in fact, less than

60 minutes.
0.0519

(b)

(@)
(b)

(€}
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17

18
19

20

21

22

23

24

www.gceguide.com

Discrete; P takes values —Z%O-r for

r=12,...,250

(a) {28.1,399]

(b)Y Variance is estimate; discrete vartable is
approximated by continuous variable;
distribution is approximately normal.

Approximate sample size is 2380;

99% probability that error is less than 2%%

Po{dn], this can be approximated by N(4n,4x)

when » islarge; n=30.

Hy:p =043, Hiip <0.13: B(2500.0.13) is

approximated by N{(325,282.75),2.01%; 0.161

(a) Easy to do but it may not be simple to {ind
the people having selected them. Also, the
people chosen may not themselves be users
of soap powder,

(b} This method ensures that the people selected
can be interviewed and it can casily be seen
whether they have bought soap powder.
Only one shop is being used and it may be
that people who use smaller or different
stores have different preferences.

(¢} Some people might be out when the
interviewer calls. There may also be more
than one person per houschold who uses
soap powder anel there may be more than
one brand used per house.

() This is quick and easy to do but it ignores
anyone who is not on the phone and so may
give an unrepresentative sample.

(@ N{153) (0 0932 (o) 7.}

() N(?,SL]; central limit theorem

{ey 0178

{a) Hyp =—L—, H:p >—;, where p is the

probability that a car turns right.

{by 27 :

{cy 0.015

{(a) 0.0992 grams?,[16.85, 17.08] grams

by ile

{c) variance unchanged, confidence interval
becomes [16.90, 17.13] grams. The answer
to part (b) is unchanged.

0.010, 3.098(5)

Practice examinations

Practice examination 1 (page 160)
1 0897

2

3 (1) 3.045,3439

4

5
6

(1

(it)

(i1)
()
M

In a random sample of size n every possible
set of nitems in the population has an equal
chance of being chosen. Random samples
are used to avoid bias, so that they can be
taken as representative of the population
from which they are drawn.

Number the students from 001 to 763; use
3-digit random numbers (rejecting 000 and
764 to 999, and ignoring any repetitions) to
identify 5 students.

(i) [2.833,3.257]

7 s 3
570 g
00547 Gi) 0.833

0.623 (i) Po(33.9) (iii) 0.647

7 (i) 0.086% {ii) 0.0024

Practice examination 2 (page 162)
[19.8%, 36.2%]

2 Hyp= —é, H:p< % , where p is the probability
of a ‘six’; since P(X = 1) =0.130>0.10, there
is insufficient evidence to reject F, so can’t say

H

that there are too few “sixes’.
25=n =48

4 (i)
54D

{i)
(i)

(i1)

Po(3) (i) 0.10L (i) 25
Zlf (1) 0.2601 (iii} 10 80O litres
0101 b 0.176

Hyip=2, Hu# 2, where gt is the
population mean length of the rods
oroduced; since z = 1.88 < 1.96, there is
insufticient evidence to reject H,,, s0
accept that the machine is set up correctty,
0.391
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